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ABSTRACT: A number of recent tailings dams failures have brought the slope stability analysis of tailings dams to the forefront. The geotechnical practice has focused on the stability of
individual structures through the use of 2D limit equilibrium analysis. Such analysis have typically been applied to unique profiles of geotechnically designed structures. However, such
analysis has not typically been applied over large areas. It is often too costly to analyze multiple
cross-sections in a longer tailings retention structure considering varying subsurface stratigraphy. The recent failures show us that increased rigor of analysis is one aspect that requires further consideration in the geotechnical analysis of such structures.
This paper presents a methodology of combining the exacting calculations of the 2D and 3D
limit equilibrium method with the long structures for a tailings dam analysis. Such analysis has
been termed a “Multi-plane analysis” (MPA) approach. The new method could be applied to
the analysis of long engineered structures such as tailings dams and allows the geotechnical engineer access to analysis information of greater detail. The method can be based on 2D or 3D
calculations and also allows the analysis of corners, abutments and other geotechnical design
features that are not capable of being analyzed in 2D planes.
1 INTRODUCTION
Slope stability of tailings dams has received increased attention in recent years due to recent
tailings dam failures such as Mt. Polley, Canada and Fundao, Brazil. These failures have resulted in increased review assessments of the stability of existing tailings dams worldwide by geotechnical consultants. The difficulty with such stability assessments is related to:
i)
ii)
iii)
iv)

Is the potential failure mechanism properly identified?
Is the correct constitutive model used to represent the relevant materials
Is there a change in the computed factor of safety spatially?
Is the difference between a 2D and a 3D factor of safety significant?

Tailings dam analysis has typically focused on a representative cross-section of the tailings
dam. It can be noted, however, that the foundational geo-strata may vary under different sections of the tailings dam. Analysis of multiple 2D cross-sections can be time-consuming and
costly and is therefore avoided or limited to a select few cross-sections. This issue is compounded by the fact that many tailings dams may be quite long.
There is also the issue of how to adequately handle the 3D intersections of different sections
of tailings dams. Are the 3D aspects adequately analyzed?
Factors of safety of 1.3 or 1.5 are typically utilized for design purposes. The process typically involves a geotechnical engineer selecting a critical 2D slice to analyze. The geotechnical
engineer designs the slope to a given factor of safety based on the 2D analysis.

There are two difficulties with this approach.
Firstly, the engineer must make an assumption regarding the difference between the 2D and
the 3D factor of safety. Secondly, the engineer is assuming that the slice they have selected at
the site is the critical slice. This traditionally approach has been accepted because i) the view is
that the 2D analysis Factor of Safety (FOS) is conservative, that is, it is lower than a more accurate 3D analysis FOS. The engineers “eyeball” judgement as far as WHERE the critical slip
may occur has been relegated to the department of professional judgement.
This paper demonstrates how a slope stability analysis can be performed in an improved
manner by taking into account both the 3D aspects of the analysis as well as determining the potential location of the critical slip surface.

1.1 EXTRUDING 2D TO 3D – SLIP SHAPE DIFFERENCES
It is of importance to understand the difference between the slip shape analyzed in a 2D analysis as opposed to a 3D analysis. In a 2D analysis the slip shape is ultimately extended infinitely
in the 3rd dimension and shear on the end surfaces is not considered. An example 2D analysis is
presented in Figure 1. The equivalent 3D analysis is shown in Figure 2 where there is no shear
strength applied to the vertical end surfaces.

Figure 1 Example 2D stability analysis

Figure 2 Equivalent 3D analysis (slip surface exploded out of slope)

It should be noted that a simple proof of a 3D analysis can be done by creating a 3D model of a
2D extruded slip surface and applying zero shear strength to the end-walls. This is an easy way
to prove the 3D equivalent scenario of any 2D analysis. It also highlights the fundamental
limitation of a 2D analysis which i) considers the slip to be of infinite length in the 3rd
dimension and ii) does not consider the influence of shear strength on the end surfaces.

2 SLIP SURFACE SHAPE EFFECT
If an engineer wants to strictly determine the difference that slip surface shape makes then it is
easiest to extrude a 2D profile model out to 3D space to determine the factor of safety of a slip
surface assuming an ellipsoidal slip surface. It is recognized that not all 3D slip surfaces are of a
perfect ellipsoidal shape but a majority of slips are an ellipsoidal shape. Therefore it was considered a reasonable starting assumption by the authors.
The benefit of this type of analysis is it allows the engineer to determine the effect on the
factor of safety (FOS) of moving from a 2D plane-strain analysis to a 3D analysis with an ellipsoidal slip surface. When the slope is extruded to 3D then an aspect ratio for the ellipsoid must
be found through a trial-and-error process. For the present paper a number of example models
were selected as benchmark 2D models and a few are presented in Figure 3 and Figure 4. These
models were selected out of list of classic slope stability benchmarks as compiled by SoilVision
Systems Ltd.
A common question related to 3D analysis is: “Won’t a 3D analysis of an extruded profile
tend to an ever wider and wider 3D elliptical slip surface as it tries to approach the 2D result
(with its lower FOS)?”. One of the key aspects to answering this question is related to the assumption of the slip surface shape. If the shape is cylindrical with small beveled or rounded
ends then as the cylinder becomes longer and longer the effects of the shear on the ends theoretically becomes a smaller and smaller percentage contribution. It should be noted, however that

the “extended cylinder” described in the above argument is not a common slip surface failure
shape in the field. If we assume an elliptical slip surface failure then the results illustrate that
the failure does not tend to be infinitely wide as previously assumed.
Figure 5 shows the results of extruding the VS_24 model to an equivalent 3D numerical
model. It can be seen from this extruded model that a wide range of aspect ratios for the ellipsoid have been tried (the trial slip surfaces have been plotted) and the ellipsoid with the minimum FOS corresponds to an aspect ratio of 16.8 with a minimum FOS of 1.72 which is a 19.6%
increase over the 2D FOS of 1.438. The results of extruding three such 2D models to 3D are
shown in Table 1. It can also be seen from these results that the difference for simple and lowangle slopes between the 2D and 3D FOS ranges between 4.3% to 20%.
Table 1 Results of 2D profiles extruded to 3D
Model
VS_1
VS_3
VS_24

2-D
Max Depth (m) FOS

FOS
0.988
1.375
1.438

4.76
6.889

3-D
Aspect Max Depth (m) Diff
1.031
4.8
3.013
4.35%
1.45
8.6
4.56
5.45%
1.72
16.8
6.814 19.61%

Figure 3 VS_1 2D profile model

Figure 4 VS_24 2D profile model

Figure 5 VS_24 Extruded 3D model with critical slip surface

3 GROUND SURFACE TOPOGRAPHY VARIATIONS
The second primary reason why 3D analysis differs from 2D analysis is that there may be variation of the surface topology Such variation can produce differences in the computed FOS. Such
variations can largely be grouped into surface shapes which are convex or concave. While it is
recognized that typical topography may be highly variable, the general trends can be easily
quantified with simple concave and convex shapes. Such an analysis has been performed
(Zhang, 2015; Domingos, 2014) and the geometry for the comparison can be seen in Figure 6.

Figure 6 Convex and concave geometries used in 3D simulations

From analyzing the geometry it can be seen that i) the consideration of such geometries results in an increase in the computed FOS over a 2D scenario and ii) the consideration of unsaturated shear strengths further increases the computed FOS in 3D. Thus it can also be surmised
that the consideration of 3D geometries in a 3D numerical model can often result in computed
FOS values which are higher than 2D analysis and have the potential to save on construction
costs in the design of slopes.

Figure 7 Differences between 2D and 3D computed FOS for convex and concave saturated/unsaturated slopes (Zhang, 2014)

The results of the influence of surface topology suggest that the consideration of such influence may not be trivial. The consideration of 3D effects of topology may therefore be useful in
the practical application of 3D slope stability.

4 2D MULTI-PLANE ANALYSIS
One of the secondary issues with a standard 2D geotechnical analysis is that the geotechnical
engineer may not know the correct location of the 2D plane which produces a critical factor of
safety. A classic example of such a problem was presented by Jian (2003). The example presents a simple slope to illustrate two problems with conventional 2D plane-strain stability analysis; namely that the location of the slip as well as the correct factor of safety can be difficult to
determine from this relatively straightforward example.
Multi-plane analysis (MPA) allows the engineer to quickly perform hundreds or thousands
of analyses around a slope quickly using parallel computations. In the 2D MPA analysis method
the slope is sliced into 2D profiles each of which is a full 2D LEM analysis. Each slice is analyzed and the results are then plotted over top of the original 3D slope therefore giving a spatial
perspective to the many 2D slices. Each slice is oriented such that the primary slip direction is
the steepest slope. Since the slip may not happen on the steepest slope the MPA analysis method can be specified such that multiple orientations, such as +/- 10 degrees can be analyzed. In
this way the most likely slip orientation can also be determined.

Figure 8 Example of slope difficult to analyze in 2D plane strain (Jiang, 2003)

The analysis of slope in Figure 8 can be seen in Figure 9. From the analysis we can see the
critical zone clearly outlined as to the left of the nose of the hill. This is counter-intuitive from
the sense that most engineers would feel that the point of the nose of this model would yield the
lowest FOS value. Therefore this illustrates the value of using analytical procedures to determine the correct location of a probable failure zone in an irregular topology. This result must
also be noted that it is only the result of 2D slices through differing spatial locations in the 3D
model. There is no relation implied or computed between the slices so the 3D lateral effects on
the slope are not considered. Therefore the model must be considered as an indication of a
probable failure zone but not a definitive analysis which considers 3D effects.

It can be seen in Figure 10 that the methodology can be applied to real-world designs with
complex geometries in order to provide a comprehensive view of where critical slip surfaces
may occur.

Figure 9 Example of a 2D MPA analysis

Figure 10 Example of tailings dam analysis by MPA 2D method

5 3D MULTI-PLANE ANALYSIS
The benefit of the multi-plane analysis is that it can easily be applied in 3D space using the
same slicing planes established for the 2D analysis only with the analysis of a 3D ellipsoid at
each slicing plane location. Similar searching techniques such as Entry & Exit, Grid & Tangent,
Slope Search, or Auto Refine methods can be applied to the searching technique. The aspect ratio of the ellipsoid as well as faults and fractures can be considered as well in the analysis.
An enormous amount of information is generated with each slice being considered as a full
3D analysis. The 3D results can therefore be presented as a series of individual critical slip surfaces or contoured to produce a contoured map of the relative factor of safety over an area. The
results of such an analysis for an open pit are shown in Figure 10. It can be seen that MPA is a
useful methodology for i) understanding the relative factor of safety of a large spatial area as
well as ii) locating potential zones of instability which may exist. The 3D results also provide a
higher and computationally more realistic analysis of the true 3D FOS.

Figure 11 Example of 3D MPA applied to the analysis of an open pit

6 SUMMARY
A methodology for moving geotechnical engineers forward from the traditional 2D LEM analysis to a more comprehensive 3D LEM analysis is presented. The method of understanding the
logical transition to a 3D numerical model in consulting practice is defined and the methods of
simplifying a 3D analysis back to a comparable 2D analysis are presented. The specific differences between a 2D and a 3D slope stability analysis are reduced to their components of i) slip
surface shape, ii) topography differences, and iii) geo-strata differences.
The difficulty of knowing where a critical slip surface may exist is addressed through the use
of multi-plane analysis (MPA). Through the MPA method the geotechnical engineer can make
use of hundreds or thousands of analysis specified over a large 3D numerical modeling space
such that the relative values of FOS can be computed and contoured over large spatial areas.
Such analysis greatly enhances the ability of the geotechnical engineer to determine stability
values over large spatial areas and has application in the area of municipal design, roadways/railways, open pits, tailings facilities and other large earth structures.
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