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1 INTRODUCTION  
Conductive heat flow problems in geotechnical and geo -environmental engineering involve the solution of a partial differential 
equation referred to as a PDE. The PDE must be solved for all ñfinite elementsò which when combined form a ñcontinuumò (or 
the ge ometry of the problem). The theory of heat flow expressed in mathematical form embraces the physical behavior of the 
material (e.g., soil) and the conservative laws of physics (i.e., conservation of energy). The physical behavior or many 
materials, (partic ularly  unsaturated soils), is non - linear and as a consequence, the PDE becomes non - linear in character. It is 
well -known that the solution of non - linear PDEs can present a challenge to the numerical modeler.  
 
The purpose of the theory manual is to provide  the user with details regarding the theoretical formulation of the PDE as well 
as the numerical method used in the solution. The intent of the theory manual is not to provide an exhaustive summary of all 
theories associated with heat flow. Rather, the int ent is to clearly describe details of the theory used in the SVHEAT software.  
 
The SoilVision finite element software packages utilize the FlexPDE generic finite element solver to solve the partial 
differential equation for heat flow. The FlexPDE solver a lgorithm has implemented cutting -edge numerical solution techniques 
that can accommodate linear and highly non - linear PDEs. The solution technique utilizes automatic mathematically designed 
mesh generation as well as automatic mesh refinement. The applicat ion of these advanced numerical techniques is 
particularly valuable in solving highly non - linear and complex problems. Most commonly it is the unsaturated soil portion of 
the soil continuum that brings in non - linear soil behavior. The advanced FlexPDE solv er makes it possible to obtain converged 
and accurate solutions for many problems that were previously unsolvable.  
 
The primary attributes of the SoilVision solution process are as follows:  
 

¶ Fully automatic mesh generation.  

¶ Fully automatic mesh refinement based on any model variable.  

¶ Integrated climatic calculations.  

¶ Fully implicit approach in the solver, which provides for a robust solution of difficult models with convergence 

issues.  

¶ Energy -balance tracking.  

¶ Axisymmetric and plan analysis formu lations.  

¶ 3, 6, or 9 -noded triangles as elements for 2D analysis and 4, 10, or 20 -noded tetrahedrons in 3D elements.  

¶ Adaptive time -stepping with automatic generation and control of time steps.  

¶ Newton -Raphson convergence iteration schemes.  

¶ Use matrix precond itioning in conjugate -gradient solutions. The default preconditioner is the diagonal -block 

inverse matrix.  
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2 HEAT TRANSFER THEORY  
SVHEAT is formulated to mathematically model the movement of heat in a material. SVHEAT is capable of modeling heat 
transfer by the conduction or convection processes. Modeling of convection may be accomplished when coupled with seepage  
(SVFLUX) and can accommodate  saturated and unsaturated materials. The software is also formulated to simulate the 
freezing and thawing phase chan ge between ice and water . The following manual describes the formulation used by SVHEAT 
to model heat transfer in materials.  

2.1 HEAT FLOW GOVERNING EQUATION  
The equation governing heat flow can be generally written as follows (Harlan 1973, Jame 1977, Flerchin ger and Saxton 1989, 
Neman 1995):  
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     where:  

 l = thermal conductivity, J/(s -m-°C) , 

 C = volumetric heat capacity of soil, J/(m 3- °C) , 

 Cw = volumetric heat capacity of water, J/(m 3- ° C) , 

 qw = water flow flux  (Darcian velocity) , m/s ,  

 Lf = volumetric  latent heat of fusion of water 3.34 ³ 10 8 J/m 3, 

 ri = ice density, kg/m 3, 

 rw = water  density, kg/m 3, 

 qi = volumetric ice content, m 3/m 3, 

 T = temperature, °C,  

 t  = time, s, and  

 x = coordinate, m . 

 
On the left side of equation  [ 1 ] , the first term represents the heat flow driven by thermal conduction;  the second term is the 

heat flow due to thermal convection. On the right side of equation [ 1 ] , the  term of 
t

L i
f
µ

µq
is the heat release or absorption 

caused by phase change of water freezing, and the term of 
t

T
C
µ

µ
is the heat storage in the system.  

There a re two dependent variables of T and qi in equation [ 1 ] . The ice content is associated with the soil temperature and 

water content. At any time the total volumetric water content is expressed as follows.  
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     where:  

 q = volumetric water content, m 3/m 3,  

 
qu 

= volumetric unfrozen water content at a given negative temperature , 
m 3/m 3,  

 qi = volumetric ice content, m 3/m 3. 

 rw = water density, kg/m 3, and  

 ri = ice density, kg/m 3. 

 
The unfrozen water content, qu, is uniquely determined by the given soil temperature, T, in terms of  negative degrees Celsius . 

The relationship between unfrozen water content and the temperature is referred to as Soil Freezing Characteristic Curve 
(SFCC). Similar to the Soil Water Characteristic Curve (SWCC), SFCC is an important soil property related to soil freezing 
behavior . 
 
Since the total volumetric water content is a constant value in thermal transfer only model, and using the chain - rule 
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     where:  

 T = temperature, °C, and  

 t  = time, s.  

 l = Thermal conductivity, J/(s -m-°C) , 

 Cw = volumetric heat capacity of water, J/(m 3- ° C) , 

 C = volumetric heat capacity of soil, J/(m 3- °C) , 

 qw = water flow flux  (Darcian velocity) , m/s ,  

 Lf = volumetric  latent heat of fusion of water 3.34 ³ 10 8 J/m 3, 

 rw = water density, kg/m 3, 

 m 2
i = the rate of change of unfrozen water content with temperature (i.e., the 

slope of soil freezing characteristic curve),  m 3/(m 3- °C) ,  

 
Tef 

= Soil freezing point, or sometime  it is referred as the temperature of  

fusion (liquidus), °C, 

 
Tep 

= Soil temperature at the end of the freezing phase change, or sometime it 
is defined as the temperature of solidification (solidus), °C,  

 Cr = apparent volumetric heat capacity for heat storage, J/(m 3- °C) . 

 

The term of 
i

fl mL 2r in equation [ 3 ]  represents the energy release or absorption due to the phase change of soil freezing. 

Care must be taken in use of m 2
i. For unsaturated soil, if the soil water content at the temperature above the soil freezing 

point is less than the unfrozen soil water content at the given soil negative temperature, no phase change happens because 
the soil is too dry to freeze. For example , suppose soil sample1 and soil sample2 have the same soil properties of SFCC, but 
the initial volumetric water content for soil sample 1 is 0.45 m 3/m 3 and for soil sample 2 is 0.15 m 3/m 3. The phase change 
starts for soil sample 1 at the soil temperature b elow ï0.05  °C, but the phase change does not happen to the soil sample 2 
until the soil temperature drops down to ï0.2 C̄, as shown in Figure 1 .   

 

 

Figure 1 Illustrative phase changing at different initial water content 

Thermal conductivity, heat capacity, and the soil freezing characteristic curve are the most important properties of a materi al. 
Please see  the  Material Properties  section of this  document for  how to calculate, determine, or estimate these material 
thermal properties.     
 
Equation [ 1 ]  is the general formulation of heat transfer including the mechanism o f thermal conduction, convection and 
phase change of water freezing. In geotechnical engineering such as soil cover, the thermal convection with water flow can be  
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neglected. For materials such as wood, iron and steel, plastics, etc., used in model domain, the phase change is not need ed 
to be considered (i.e., m 2

i =  0). The following sections describe the different applications implemented in SVHEAT package.  

2.1.1 Transient-State Heat Flow without Considering Thermal Convection 

Heat flow due to the convection of moisture flow in a model domain is usually two or more orders of magnitude less than 
conductive heat flow in all but the coarsest of soils (Pentland , 2000). The conductive heat flow is generally the greatest 
significance  of heat transfer in geotechnical engineering. Consequently, by the default, the thermal convection flow is not 
included when a model is created with SVHEAT. In this case the governing equation [ 3 ]  can be rewritten as follows:  
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¶ 2D or Plane  
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¶ Axis -Symmetric  
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¶ 3D  
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     where:  

 lx,ly,lz, 
lr,  

= Thermal conductivity in x, y, z direction of Cartesian coordinate, or r -
direction of cylindrical coordinate,  J/(s -m-°C) , 

 C = volumetric heat capacity of soil, J/(m -°C) ,  

 Lf = volumetric latent heat of fusion of water 3.34 ³10 8 J/m 3, 

 
m 2

i = the rate of change in unfrozen water content with temperature (i.e., the 
slope of soil freezing characteristic curve),  m 3/(m 3-°C) ,  

 T = temperature, °C,  

 t  = time, s, 

 x, y, z  = Cartesian coordinate, m , and  

 r = horizontal direction in cylindrical coordinate.  

 
The thermal conductivity, heat capacity, and SFCC can be determined using the measured data, or calculated with different 
approaches. Please see Thermal Material Properties section for details.  

2.1.2 Steady-State Heat Flow without Considering Thermal Convection 

In steady state the temperature does not change with time. The heat flow equations are simplified as follows:  
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¶ 2D or Plane  
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¶ Axis -Symmetric  
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¶ 3D  
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     where:  

 lx,ly,lz, 
lr,  

= Thermal conductivity in x, y, z direction of Cartesian coordinate, or r -
direction of cylindrical coordinate,  J/( s-m-°C) , 

 T = temperature, °C,  

 t  = time, s,  

 x, y, z  = Cartesian  coordinate, m , and  

 r = horizontal direction in cylindrical coordinate.  

2.1.3 Transient-State Heat Flow Including Thermal Convection 

To include the thermal convection of water flow and airflow, select the  ñConvectionò option  in SVHEAT.   
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¶ 1D Vertical  
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¶ 2D or Plane  
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¶ Axis -Symmetric  
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¶ 3D  
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     where:  

 lx,ly,lz, 
lr,  

= Thermal conductivity in x, y, z direction of Cartesian coordinate s, or r -
direction of cylindrical coordinate s,  J/( s-m-° C) , 

 Cw = volumetric heat capacity of water, J/(m 3-° C) , 

 Ca = volumetric heat capacity of air, J/(m 3-°C),   

 C = volumetric heat capacity of soil, J/(m 3-°C) , 

 qx
w, q y

w, 
qz

w, q r
w 

= water flow velocity  (Darcian velocity)  in x, y, z -direction of Cartesian 
coordinate s, or r -direction of cylindrical coordinate s,  m/s , 

 qx
a, q y

a, 
qz

a, q r
a 

= air flow velocity (Darcian velocity) in x, y, z -direction of Cartesian 
coordinate s, or r -direction of cylindrical coordinate s,  m/s , 

 Lf = volumetric latent heat of fusion of water 3.34 ³ 10 8 J/m 3, 

 m 2
i = the rate of change of unfrozen water content with temperature, i.e., the 
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slope of soil freezing characteristic curve,  m 3/(m 3-°C) ,  

 T = temperature, °C,  

 t  = time, s. 

 x, y, z  = Cartesian  coordinate s, m , and  

 r = horizontal direction in cylindrical coordinate s. 

2.1.4 Steady-State Heat Flow Including Thermal Convection 

For steady -state conditions the partial differential equation that describes heat flow is as follows:  
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¶   1D Vertical  
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¶ 2D or Plane  

 ( ) ( ) 0=
µ

µ
+-

µ

µ
+-ö

ö
÷

õ
æ
æ
ç

å

µ

µ

µ

µ
+ö
÷

õ
æ
ç

å

µ

µ

µ

µ

y

T
qCqC

x

T
qCqC

y

T

yx

T

x

a
ya

w
yw

a
xa

w
xwyx ll  [ 23 ] 

¶ Axis -Symmetric  
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¶ 3D  
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     where:  

 lx,ly,lz, 
lr,  

= Thermal conductivity in x, y, z direction of Cartesian coordinate s, or r -
direction of cylindrical coordinate s, J/( s-m-° C) ,  

 Cw = volumetric heat capacity of water, J/(m 3-° C) , 

 Ca = volumetric heat capacity of air, J/(m 3-°C),   

 qx
w, q y

w, 
qz

w, q r
w = moisture flow flux  (Darcian velocity) , m/s , 

 qx
a, q y

a, 
qz

a, q r
a 

= air flow velocity  (Darcian velocity) in x, y, z -direction of Cartesian 
coordinate s, or r -direction of cylindrical coordinate s,  m/s , and  

 T = temperature, °C. 
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3 COUPLED EQUATIONS OF MOISTURE FLOW , AIR 
FLOW AND HEAT F LOW  

This section discusses the coupled equation governing moisture flow, air  flow and heat flow. Depending on different 
applications, three cases are considered:  
 

¶ Heat flow coupled with moisture flow,  

¶ Heat flow coupled with air  flow,  

¶ Heat flow coupled with moisture, and air  flow.  

3.1 BASIC COUPLED EQUATIONS GOVERNING MOISTURE 
FLOW, AIR  FLOW, AND HEAT FLOW  

3.1.1 Basic Equations for the Flow of Moisture, Including Water and Vapor  

The following assumptions and considerations are made:  
 

¶ The soil moisture flow obeys Darcyôs law,  

¶ Moisture evaporation is included only when a climate boundary condition applied,  

¶ The convection between moisture and heat flow is considered,  

¶ Hydraulic conductivity reduction in frozen soil regime is considered. The same approaches are used to calculate 

hydraulic conductivity as the function of soil suction as described in SVFLUX Theory Manual, but soils suction in 

the freezing and frozen regime  is determined by Clapeyron equation.  

 
The equation governing moisture flow , including liquid flow, vapor flow, and freezing is described as follows:  

3.1.1.1 Water flow 

Volumetric m oisture content (including water, vapor, and ice) can be generally expressed as  
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     where:  

 q = total volumetric water content, m 3/m 3, 

 ql = liquid water content, m 3/m 3, 

 qv = water vapor content,  m 3/m 3, 

 qi = ice content, m 3/m 3, 

 ri = ice density, kg/m 3, 

 rw = water density, kg/m 3, 

 d(x)  = a unit function having the value of d(x)  = 1 if x > 0 , d(x)  = 0 else.  

 Tef = temperature at soil freezing point, °C, and  

 T = soil temperature, °C. 

 
Water  flow due to the hydraulic head gradient and the temperature gradient can be generally obtained by the modified Darcy 
law:  
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     where:  

 kw
 = hydraulic conductivity due to water head, m/s ,  

 kLT = hydraulic conductivity introduced by temperature gradient, m 2/s - oC, 

 gw = unit weight of water, kN/m 3,  

 y(T)  = a relation of matric suction to the temperature,  

 
m 2

j 
= slope of the relation of matric suction to the soil temperature, kPa/ oC, 
and  

 T = Temperature, oC. 

 

For the unfrozen soil, the following relationship between matric suction and temperatur e is used (Milly, 1984;  Heitman, et al. , 
2008):  

 ( )[ ]00 exp)( TTT --Y=Y a  [ 30 ] 

 
( )[ ]002 exp)( TTTm --Y-= aaj

 [ 31 ] 

     where:  

 
y(T 0)  

= matric suction at a reference temperature, kPa, which is determined 
by soil water characteristic curve (SWCC),  

 a =2.09X10 -3, 1 / oC,  

 
Noborio et al .,  (1996b) used the following  expression for kLT, as given  
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 241038.21425.06.75 TT -³--=g  [ 33 ] 

     where:  

 GwT = gain factor, a dimensionless factor,   

 g0 = 71.89, g / s2, and  

 g = surface tension of soil water,  g/ s2. 

 
For the frozen soil, the Clapeyron  equation may be used to obtain the matric suction as the function of temperature  (Daanen 
et al.,  2007) :  
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NOTE:  

 1.  The unit of variable T in [ 34  ]  is °C  and To is 2 73.15 K 
 
2.  It is not very clear for the mechanics of liquid water flow caused by a temperature 

gradient. SVHEAT may not fully support this feature in the current version . 
 

3.1.1.2 Vapor flow 

Vapor flow due to the vapor concentration in the pore air is given according to Fickôs law (Fredlund and Gitirana 2005, Saito et 
al .,  2006, and Heitman et al .,  2008):  
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     where:  

 qv = v apor flow rate in soil pore air , m/s , 

 Dv = molecular diffusivity of vapor in soil pore air, m 2/s , 

 b = soil tortuosity of a dimensionless factor,   

 qa = volumetric air content, m 3/m 3, 

 qv = volumetric vapor content, m 3/m 3, 

 rw = water density, kg/m 3, 

 rv = vapor density, kg/m 3, 

 rsv0  = saturation vapor density that is dependent on temperature, kg/m 3,  

 h r  = relative humidity,  

 gw = unit weight of water, kN/m 3,  

 Y = total suction, kPa,  

 ua = pore air pressure, kPa,  

 uw = pore water pressure, kPa, 

 p = osmotic suction, kPa,  

 wv = molecular weight of vapor, 0.018016 kg/mol ,  

 R = universal gas constant 8.3144 J/mol -K, and  

 T = soil temperature, oC. 

 
Using the equation  [ 40  ] , [ 41  ] , and expanding the equation [ 36  ]  gives  
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If water vapor is considered as an idea l gas (Fredlund and Gitirana 2005), the saturated vapor density is given by  
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     where:  

 uvs0  = saturated vapor pressure, kPa,  

 
Cu 

= unit conversion coefficient, Cu = 1000 for metric unit, and Cu = 1 for 
imperial unit.  

 
Saito  et  al ., (2006) and Heitman  et  al.,  (2008) use the different expressions to describe the saturation vapor density, but 
Figure 2  shows that equation [ 44  ]  has a good agreement with the experimental data  from the online compared with other 
approaches. The experim ental data is from the website:  http://hyperphysics.phy -astr.gsu.edu/hbase/kinetic/relhum.html#c3 . 
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Figure 2 Comparison of different approaches to calculate the saturation vapor density.  

Insertion of the equation [ 44  ]  into the equation [ 43  ]  results in the vapor flow rate:    
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The total moisture (water and vapor) flow rate becomes  
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Based on the mass conservation, the equation governing moisture flow can be written as the format like   
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     where:  

 kw

 
= hydraulic conductivity, m/s , 

 kvh  = water vapor conductivity by diffusion within the air phase, m/s ,  

 kvT = water vapor conductivity due to temperature gradient, m 2/s - oC, 

 kLT = water conductivity introduced by temperature gradient, m 2/s - oC, 

 T = temperature, oC, 

 uw = pore water pressure, kPa,  

 ua = pore air pressure, kPa, 

 
wg  = unit weight of water,  kN/m 3, 

 rw = water density, kg/m 3,  

 qu = unfrozen volumetric water content , including liquid and vapor, m 3/m 3,  

 qi = volumetric ice content,  m 3/m 3, 

 ri = ice density, kg/ m 3, 

 z = elevation, m , and  

 t  = time, s. 

3.1.2 Basic Equations for Heat Flow  

The energy conservation of heat flow that contains the thermal conduction, convection, water vapor and freezing phase 
change can be generally expressed as  
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     where:  

 l = thermal conductivity, J/(s -m- oC)  or w/m -oC, 

 T = temperature, oC, 

 
Lv 

= volumetric latent heat of water vaporization, 2.5 ³10 9 J/ m 3, if T > T ef, 

otherwise , L v = 0  otherwise.  

 
Lf 

= volumetric  late nt heat of fusion of water 3.34 ³10 8 J/m 3, if T > T ef or T < 

Tep, then Lf = 0 ,   

 Tef  = temperature at soil freezing point, or liquidus temperature , oC, 

 Tep = temperature at the end of ice phase, or solidus temperature, oC, 

 qL = water flow velocity  (Darcian velocity)  (i.e., equation  [ 27  ] ), m/s ,  

 qv = water vapor flow velocity  (Darcian velocity)  (i.e., equation  [ 46  ] ), m/s ,  

 qa = air flow velocity  (Darcian velocity)  (i.e., equation  [ 66  ] ), m/s ,  

 C = Heat capacity of a material , 

 Cs = volumetric heat capacity of solid phase of the soil, J/m 3-oC,  

 Cw = volumetric heat capacity of liquid phase of the soil, J/m 3- oC,  

 Cv = volumetric heat capacity of vapour phase of the soil, J/m 3- oC,  

 Ci = volumetric heat capacity of ice phase of the soil, J/m 3- oC,  

 Ca = volumetric heat capacity of dry air phase of the soil, J/m 3- oC,  

 qs = volumetric solid component content of the soil,  m 3/m 3,  

 qL = volumetric water content of the soil, m 3/m 3,  

 qv = volumetric water vapor content of the soil, (i.e., equation  [ 53  ] ) m 3/m 3,  

 qi = volumetric ice content of the soil, m 3/m 3, and  

 qa = volumetric dry air content of the soil, m 3/m 3. 

 
On the left side of the equation  [ 52  ] , the first term is the sensible heat by conduction, the second term is the latent heat of  
vapor, and  the  third term is the sensible heat by convection due to t he water flow, vapor flow and dry air flow. The right side 
of the equation represents the heat storage with the soil heat capacity, vapor, and heat fusion in ice phase change.  
     
Insert ing  vapor flow rate of equation [ 46  ]  into the term of Lvqv in the equation  [ 53  ] , and get the following equation:  
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Equation [ 50  ]  and equation [ 54  ]  are coupled through the ice content qi and vapour. After the term of 
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equation [ 50  ]  is inserted into the equation [ 54  ] , the following equation is used for the heat flow governing equat ion 
coupled with moisture and air flow:  
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     where:  

 uw = pore water pressure, kPa,  

 ua = pore air pressure, kPa,  

 kw = hydraulic conductivity, m/s ,  

 
kvh  

= water vapour conductivity due to the vapour pressure gradient (i.e., 
equation [ 47 ] ), m/s,  

 kvT 
= water vapour  conductivity due to the temperature gradient, as defined in 
equation  [ 48  ] ), m/s , 

 
kLT 

= hydraulic conductivity introduced by the temperature gradient, as defined 
in equation [ 28 ] , m/s , 

 m 2
i = slope of soil freezing characteristic curve, and  

 qu = volumetric unfrozen water content, m 3/m 3.  

 
It should be noted that in the derivation of the above equation  [ 55  ] , the term of Lfkvh  or  LfkvT are excluded, because the 
evaporation phase change and freezing phase change couldnôt happen at the same time. It is assumed that the water 
evaporation only occurs at the temperature above soil freezing, and the occurrence of soil freezing phase change is  
constrained to the temperature interval between the liquidus temperature, Tef, to solidus temperature, Tep. In other words, 
the term of Lfkvh  or  LfkvT is always 0. For the purpose of eas e in the implementation, the latent heat of evaporation, Lv, and 
late nt heat of fusion, Lf, is expressed as:  
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     where:  

 Lv(T)  
= volumetric latent heat of water vaporization at the given temperature, 
J/m 3, 

 Lf(T)  = volumetric latent heat of fusion of water at the given temperature, J/m 3, 

 d(x)  = a unit function with value of d(x) = 1 if x > 0, else 0 , 

 U(x 1, x 2)  = a unit function with value  of U(x 1, x 2) = 1 if x1 > 0  and x2 < 0 , else 0  

 e = an arbitrary small number, e = 10 -6, and  

 m 2
i = the slope of soil freezing curve.  

 
The equation [ 62  ]  and equation [ 63  ]  are used to ensure Lv = 0  if T <  Tef, and Lf = 0  if m 2

i = 0 or T > T ef and T < T ep. 

3.1.3 Basic Equations for Air Flow  

The following considerations and assumptions are made for the derivation of air  flow with the two phases (water and gas):  
 

¶ The air is a compressible gas,  

¶ The bulk flow of the pore dry air is mainly driven by air pressure gradient,  

¶ The flow of the partially dissolved air in water is governed by the water head gradient (Fredlun d and Gitirana 

2005 ;  Thomas and He, 1997), and  
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¶ The diffusive effect of pore dry ai r can be neglected (Thomas and He, 1997).  

 
The mass  conservation of air  flow can be modified on the basis of SVA IR theory manual:  
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     where:  

 ra = air density, kg/m 3, 

 n = porosity, dimensionless,  

 Hc = Henryôs volumetric coefficient of air solubility in the water, m 3/m 3, 

 qw = volumetric water content, m 3/m 3,  

 qa = bulk air - flow, m/s ,  

 qw = water flow, m/s ,  

 y = elevation, m , and  

 t  = time, s. 

 
If the air is considered as an idea l gas, its density is  
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     where:  

 ra = air density, kg/m 3, 

 ua = pore air pressure, kPa,  

 uatm  = atmospheric pressure, kPa, 

 wa = average molecular weight,  0.0288 kg/mol ,  

 R = universal gas constant 8.3144 J/mol -K,  

 T = pore air temperature, oC, and  

 Cu = unit conversion coefficie nt, for Metric  unit s, Cu = 1000 , and for Imperial 
unit s, Cu = 1.   

 
The air  flow velocity with the bulk motion obeys the Darcy law:  
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     where:  

 qa = air flow velocity, m/s , 

 
ka 

= air conductivity, m/s , which is the function of the degree of water 
saturation, and  

 ga = unit weight of air, kN .  

 
After the substitution of the equation [ 66  ]  into the equation  [ 64  ] , the air  flow governing equation is written with the format 
as follow s:  
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Let  wca Hn qq )1( --= , the above equation can be rewritten as  



BENTLEY SYSTEMS Coupled Equations of Moisture Flow, Air Flow and Heat Flow 18 of 78 

   
 

 

( ) ( )
( )( )

ù
ú

ø
é
ê

è

µ

µ

+

+
-

µ

µ
++

µ

µ

+

=ù
ú

ø
é
ê

è
++

µ

µ
+

µ

µ
+

µ

µ

µ

µ

t

T

T

uu

t
uu

t

u

TR

g

kHk
z

u
k

z

T
k

z

u
k

z

atmaa
aatma

a
a

a

wcaa
aw

15.273
)(

)15.273(

)(333231

q
qq

w

g

 [ 68 ] 

 

w

wca kH
k

g

g
=31 , 032=k , akk =33  [ 69 ] 

The Henryôs coefficient of air solubility in the air is dependent of the temperature, and it is approximated with the following 
expression based on the data fitting as shown in Figure 3 . 
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     where:  

 HC = Henryôs coefficient of air solubility in the water, m 3/m 3, and  

 T = Temperature, oC. 

 

Figure 3 The relation of Henryôs coefficient of air solubility in the water vs. temperature (Fredlund and Rahardjo, 1993) 

NOTE:  

 If water evaporation is not considered, let Hc =0.  
 

3.1.4 Determination of Ice and Hydraulic Conductivity Reduction 

It is necessary to develop an advanced algorithm describing the ice change rate during soil freezing and thawing. The 
following analysis is a simple approach to estimate ice based on SWCC and SFCC. At any time, the ice content can be 
expressed as  
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     where:  

 
q 

= volumetric water content at soil temperature s above freezing point, 
m 3/m 3,  

 
qu 

=  volumetric unfrozen water content at soil temperature s blow the freezing 
point, m 3/m 3,  

 qi =   volumetric ice content, m 3/m 3,  

 rl =   water density, kg/ m 3, and  

 ri =   ice density, kg/ m 3. 
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When the soil temperature is above the soil freezing point, the soil water content, q,  is uniquely determined by matric suction 

through using the Soil Water Characteristic Curve (SWCC). When the soil temperature is going down to the soil freezing point,  
th e unfrozen water uniquely depends on the soil temperature through Soil Freezing Characteristic Curve (SFCC). The 
relationship between SWCC and SFCC is realized through the Clapeyron as defined in Equation  [ 34  ] . 
 
In the frozen soil regime, soil matric suction is calculated based on the negative soil temperature, and the soil hydraulic 
conductivity can be calculated using this matric suction. It can be seen from the Equation [ 34  ]  that when the soil 
temperature goes down, the soil matric suction is dramatically increased. Consequently, the hydraulic conductivity is 
significantly re duced in the frozen soil region. This behavior will be discussed in the section of Material Properties  of this 
document.  

3.2 COUPLED MODEL OF MOISTURE AND HEAT FLOW  
By the default neither the vapor flow is included in SVFLUX, nor thermal convection included in SVHEAT. To include the vapor 
flow in the analysis of moisture migration, the climate boundary including evaporation should be applied with SVFLUX. More 
details see the SVFLUX  theory manual . In addition, to take account of the thermal convection into the thermal flow, the 
convection option should be explicitly selected in SVHEAT model settings. In addition, the pore air in the soil is assumed to 
connect to the atmosphere, i.e., ua = 0.   

3.2.1 Transient-State Coupled Model for Moisture and Heat Flow 
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     where:  

  uw =  pore water pressure due to hydraulic head, kPa, 

 T =  material temperature, °C, 

 t  =  time, s,  

 ,w
xk ,w

yk  

,w
zk

w

rk  

= hydraulic conductivity in x , y , z, or r-direction s, m/s . For a 
homogenous material, k = k x

w = k y
w = k z

w = k r
w,  

 
kvh

 
= pore -water vapor conductivity by vapor diffusion within the air phase, 
m/s , see equation  [ 47  ]  

 
kvT

 
= vapor diffusion due to temperature gradient, m/s, see equation  [ 48  
] ,  

 
wg  =  unit weight of water, kN/m 3, 

 Ȉx,Ȉy, 
Ȉz, Ȉr 

= thermal conductivity in x , y , z, or r-direction s, J/(s -m-°C),  For a 
homogenous material,  Ȉx = Ȉy = Ȉz = Ȉr,  

 qx
L, q y

L, 
qz

L, q r
L 

=  pore -water flow rate  (Darcian velocity)  in the  x, y, z, or r -direction 
across a unit area of the soil due to the hydraulic head gradient, m/s , 
see equation  [ 27  ] , 

 
qx

v, q y
v, 

qz
v,q r

v 

=  water vapor flow rate  (Darcian velocity)  in the  x, y, z, or r -direction 
across a unit area of the soil due to the hydraulic head gradient, m/s , 
see equation  [ 46  ] , 

 
Lv 

=  volumetric latent heat of water vaporization or condensation, see 

equation  [ 62  ] , J/ m 3, 
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Lf 

=  volumetric latent heat of water freezing or thawing, as given in 

equation  [ 63  ] , J/ m 3, 

 Cw =   volumetric heat capacity of water, J/(m 3- °C) ,  

 Cv =   volumetric heat capacity of vapour, J/(m 3- °C) ,  

 C =   volumetric heat capacity of soil, J/(m 3- °C) ,  

 qv =   volumetric water vapour content, m 3/m 3,  

 m 2
i =   slope of soil Freezing characteristic curve,  

 m 2
j =   slope of the relation of soil matric suction to the temperature,  

 m 2
v =   defined in equation  [ 60  ] , and  

 m 2
vh  =   defined in equation  [ 61  ] . 

 

NOTE:  

 The water vaporization factor is included only when a vaporization climate boundary 
condition is applied. Otherwise, kvT = 0 , and kvh  = 0 . 
If the water flow induced by temperature gradient is neglected, let kLT = 0.  

  

 

3.2.2 Steady-State Coupled Model of Moisture and Heat Flow  
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¶ 1D Vertical  

 
h:  0

)(
sin

1211
=+ù

ú

ø
é
ê

è
+

µ

µ
+

µ

µ

µ

µ
k

wwy
Sk

y

T
k

y

u
k

y y

 [ 109 ] 

 
T:  ( ) 0sin2221 =+

µ

µ
+-ö

ö
÷

õ
æ
æ
ç

å
+

µ

µ
+

µ

µ

µ

µ
k

v
yv

L
yw

w
yf

ywy
Q

y

T
qCqCkL

y

T
k

y

u
k

y
 

[ 110 ] 

 
,11

w

vhw
yy

kk
k

g

+
=  ,12

vTLT
y

y
kkk +=  

w

w
yLT

y

k
mk
g

j
2=  

,21
w

vh
v

w
yfy

kLkL
k

g

+
=  

LT
yf

vT
vy

y
kLkLk ++=l22

 

[ 111 ] 

 
¶ 2D  
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¶ Plane  
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¶ Axis -Symmetric  
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¶ 3D  
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3.3 COUPLED MODEL FOR HEAT AND AIR FLOW  
If moisture flow is not considered, the Henryôs air solubility coefficient, Hc = 0, and the water evaporation is neglected. The 
governing equations for air  flow and heat flow are simplified as described in the following sections.  

3.3.1 Transient-State Coupled Model of Heat Flow and Air Flow 
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¶ 1D Vertical  
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¶ Axisymmetric  
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¶ Three -Dimensional  
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     where:  

 ua = pore -air pressure, kPa, 

 kx
a,k y

a 
kz

a, k r
a

 

= air conductivity of the material in the x, y, z, or r -direction s, m/s . For 
homogenous material, kx

a = ky
a = kz

a = k r
a, 

 ga = unit of air weight, kN/m 3,  

 n = porosity, dimensionless,  

 qw
 = volumetric water content of a material, m 3/m 3,  

 wa = average molecular weight of air 0.0288 kg/mol ,  

 g = acceleration due to gravity, 9.81 m/s 2, 

 R = universal gas constant, 8.3144 J/mol -K,  

 T = temperature, C̄, 

 Ȉx, Ȉy,  
Ȉz, Ȉz 

= thermal conductivity in x , y , z, or r-direction, J/(s -m-°C) . For a 
homogenous material, Ȉx = Ȉy,= Ȉz,= Ȉr,  

 
qx

a, q y
a, 

qz
a, qr

a 

= pore -air flow velocity  (Darcian velocity)  in the  x, y, z, or r -direction across 
a unit area of the soil due to the air pressure gradient or the temperature 
gradient, m/s , 

 
Lf 

= volumetric latent heat of water freezing or thawing, J/m 3,   

Lf = 3.334x10 8 J/ m 3 if Tef >  T > T ep, otherwise = 0.  

 Tef = temperature at soil freezing point, °C, 

 Tep = temperature at the end of phase change during freezing, °C , 

 Ca = volumetric heat capacity of air, J/(m 3- °C) ,  

 C = volumetric heat capacity of the soil, J/(m 3- °C) ,  

 m 2
i = slope of soil Freezing characteristic curve, and  
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 Qsink  = heat source or sink, J/s -m 3. 

3.3.2 Steady-State Coupled Model of Heat Flow and Air Flow 
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¶ 1D Vertical  

 
ua:

 

0=ö
ö
÷

õ
æ
æ
ç

å
+

µ

µ

µ

µ a
ya

aa
y k

y

u
k

y
g  [ 154 ] 

 
T:  ( ) 0sin =+

µ

µ
-öö
÷

õ
ææ
ç

å

µ

µ

µ

µ
k

a

yay Q
y

T
qC

y

T

y
l  [ 155 ] 

 
¶ 2D  

 
ua:

 

0=öö
÷

õ
ææ
ç

å
+

µ

µ

µ

µ
+ö
÷

õ
æ
ç

å

µ

µ

µ

µ a

ya
aa

y
aa

x k
y

u
k

yx

u
k

x
g  [ 156 ] 

T:  
( ) ( ) 0sin =+

µ

µ
-

µ

µ
-öö
÷

õ
ææ
ç

å

µ

µ

µ

µ
+ö
÷

õ
æ
ç

å

µ

µ

µ

µ
k

a

ya

a

xayx Q
y

T
qC

x

T
qC

y

T

yx

T

x
ll  [ 157 ] 

 
¶ Plane  

 
ua:

 

0=öö
÷

õ
ææ
ç

å

µ

µ

µ

µ
+ö
÷

õ
æ
ç

å

µ

µ

µ

µ

y

u
k

yx

u
k

x

aa

y
aa

x
 [ 158 ] 

T:  
( ) ( ) 0sin =+

µ

µ
-

µ

µ
-ö
ö
÷

õ
æ
æ
ç

å

µ

µ

µ

µ
+ö
÷

õ
æ
ç

å

µ

µ

µ

µ
k

a
ya

a
xayx Q

y

T
qC

x

T
qC

y

T

yx

T

x
ll  [ 159 ] 

 
¶ Axisymmetric  
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¶ Three -Dimensional  
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3.3.3 Heat Flow and Air Flow due to Natural Convection 

This section presents the governing equations of air flow due to thermo -buoyant or natural convection. The air density is 
assumed to be incompressible in the natural convection, and it can be applicable with Oberbeck -Boussinesq approximation as 
follow s (Ni eld and Bejan , 2006):  

 
[ ] 000 )(1 aaaa TT brbrr =--=  [ 164 ] 
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b=   

     where:  

 ra = pore air density at the given temperature, kg/m 3,  

 ra0 = pore air density at the reference temperature, kg/m 3,  

 T = temperature, oC,   

 T0 = reference temperature, oC, and  

 ba = air expansion coefficient, 1/ oC. 

 

The thermal expansion coefficient varies with temperature. Please see the following web site for reference: 
http://www.engineeringtoolbox.com/air -properties -d_156.html  
 
The air flow governing equation [ 68  ]  is simplified as:  

 
0=ö

ö
÷

õ
æ
æ
ç

å
+

µ

µ

µ

µ
aa

a
a k

y

u
k

z
g  [ 165 ] 

 [ ]

u

a

u

a
a

C

TTg

C

g )(1 00 --
==

brr
g  [ 166 ] 

The following presents the heat and air  flow equations in the process of natural convection under different coordinates:  
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¶ 1D Vertical  
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¶ Axisymmetric  
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¶ Three -Dimensional  
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3.4 FULLY COUPLED MODEL  OF MOISTURE, AIR, AND HEAT 
FLOW  

 
The following is the governing equations coupled with the moisture (liquid and vapor) flow, air flow and heat flow under the 
different coordinates.  
 
¶ 1D Horizontal  
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     where:  

 uw = pore water pressure due to hydraulic head, kPa, 

 ua = pore air pressure, kPa,  

 T = temperature,  °C,  

 w

xk ,
w

yk ,  
= hydraulic conductivity in x , y , z, or r-direction, m/s. For a homogenous 
material, k = k x

w = k y
w = k z

w = k r
w,  
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w

zk ,
w

rk  

 kvh  = pore -water vapor conductivity by vapor diffusion within the air phase, as 
defined in equation  [ 47  ] , m/s ,  

 
kvT = pore -water vapor conductivity induced by temperature gradient, as 

defined in equation [ 48  ] ,  

 kLT = hydraulic conductivity introduced by the temperature gradient, m/s ,  

 kx
a,k y

a 
kz

a, k r
a

 

= air conductivity of the soil in the x, y, z, or r -direction , m/s . For 
homogenous material, kx

a = ky
a = kz

a = k r
a, 

 Ȉx, Ȉy,  
Ȉz, Ȉr 

= thermal conductivity of the soil in the x , y , z, or  r-direction, J/(s -m-°C) . 
For a homogenous material, Ȉx = Ȉy,= Ȉz,= Ȉr,,  

 
qx

L, q y
L, 

qz
L, q r

L 

= pore -water flow rate  (Darcian velocity)  in the  x, y, z, or r -direction across 
a unit area of the soil due to hydraulic head gradients defined in equation  [ 
27  ] , m/s , 

 
qx

v, q y
v, 

qz
v, q r

v 

= pore -water vapor flow rate  (Darcian velocity)  in the  x, y, z, or r -direction 
across a unit area of the soil due to vapor diffusion defined in equation  [ 46  
] , m/s , 

 
qx

a, q y
a, 

qz
a, qr

a 

= pore -air flow velocity  (Darcian velocity)  in the  x, y, z, or r -direction across 
a unit area of the soil due to air pressure gradient defined in equation  [ 66  
] , m/s , 

 qu
 

= volumetric unfrozen water content (including liquid and vapor) of the soil 
that is determined by soil freezing characteristic curve, m 3/m 3,  

 qi = volumetric ice content of the soil defined in equation  [ 71  ] , m 3/m 3,  

 
qv 

= volumetric pore -water vapor content of the defined in equation  [ 39  ] , 
m 3/m 3,  

 gw = unit weight of water, kN/m 3, 

 ga = unit of air weight, kN/m 3, ga =g ra/C u,  

 ra = air density, kg/m 3,  

 Cu = unit conversion coefficient, Cu = 1000  for Metric, and  Cu = 1  for Imperial,  

 n = porosity, dimensionless,  

 Hc = Henryôs volumetric coefficient of air solubility in the water, m 3/m 3, 

 wa = average molecular weight of air 0.0288 kg/mol ,  

 g = acceleration due to gravity, 9.81 m/s 2, 

 R = universal gas constant, 8.3144 J/mol -K,  

 
Lv 

= volumetric latent heat of water vaporization, J/ m 3, as defined in equation  
[ 62  ] ,  

 
Lf 

= volumetric latent heat of water freezing or thawing, J/m 3, as defined in 
equation  [ 63  ] ,   

 Ca = volumetric heat capacity of dry air, J/(m 3- °C) ,  

 Cw = volumetric heat capacity of water, J/(m 3- ° C) ,  

 Cv = volumetric heat capacity of water vapour , J/(m 3- °C) ,  

 
C 

= volumetric heat capacity of a material, calculated with equation [ 53  ]  , 
J/(m 3- °C) ,  

 m 2
i = slope of soil Freezing characteristic curve,  

 m 2
j = slope of the relation of soil matric suction to the soil temperature, kPa/ °C,  

 Qsink  = heat source or sink, J/s -m 3, 

 m 2
v = defined in equation  [ 60  ] , and  

 m 2
vh  = defined in equation  [ 61  ] . 
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4 MATERIAL THERMAL PROPERTIES  
Thermal conductivity, heat capacity, and soil freezing characteristic curve (SFCC) are three major thermal properties in heat  
transfer during the soil freezing and thawing process. The thermal conductivity of ice is almost 4 times higher than water, but 
wa ter has a higher value of heat capacity than ice. The ice content in a frozen soil depends on both volumetric water content 
in unfrozen soil, and unfrozen water content in frozen soil. The unfrozen water content is uniquely determined by soil freezi ng 
char acteristic curve. The following sections describe how to estimate or calculate the thermal conductivity, heat capacity, and 
SFCC. 

4.1 THERMAL CONDUCTIVITY CURVE  
The three main factors affecting the thermal conductivity of a material include 1) the thermal cond uctivity of constituent 
material, 2) the fraction of the material volume each material represents, and 3) the ñconnectednessò of each of the 
constituent materials. The ñconnectednessò refers to the completeness of paths that are available for movement of heat 
through a material Pentland (2000). Heat is conducted to individual soil particles through discrete contact points, a s the area 
of these discrete points increases the conductivity of the soil increases. Therefore, as the "connectedness" increases , so does 
the thermal conductivity.  

4.1.1 Johansen Approach (1973) 

The Johansen (1973) and Farouki, (198 1) approach has  been used widely to calculate thermal conductivity based on soil 
state, type, fraction of soil components, and thermal conductivity of water, ice, and solid component s. It is recommended to 
use this method to estimate soil thermal conductivity, especially in a coupled seepage and heat model, where ice content in 
the frozen soil is changeable due to moisture migration. The Johansen method is applicable for both unfrozen and frozen soils. 
The method is based on dry and saturated thermal conductivity at a given dry density as follow s:  
 
¶ Fine and Coarse Soils  
 

 dryedrysat lllll +-= )(  
[ 235 ] 

     where  

 l = soil thermal conductivity, J/s -m-°C,  

 
satl  = the saturated thermal conductivity, J/s -m -°C,  

 
dryl  = the thermal conductivity of dry soil, J/s -m -°C, and   

 
el 

= the Kerstern number  (normalized thermal conductivity) , 
which is related to saturation.  
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 ,039.0 2.2-= ndryl  for dry crushed rock materials  [ 237 ] 
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ssat lll -=  for saturated unfrozen soil  [ 238 ] 
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n
ssat llll --=  for saturated frozen  soil  [ 239 ] 

 qq

s

-= 1)0.2(7.7l   if q > 0.20  

qq

s

-= 1)0.3(7.7l  if q <= 0.20  
[ 240 ] 

 0.1)log(7.0 += re Sl , for unfrozen coarse grained soil  
[ 241 ] 

 0.1)log( += re Sl , for unfrozen fine grained soil  
[ 242 ] 

 re S=l , for frozen soil  
[ 243 ] 

     where:  

 gd = dry density of soil, kg/m 3,  

 n = soil porosity,   
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 ls = thermal conductivity of soil particles, J/s -m - oC,  

 q = quartz content,   

 lw = thermal conductivity of water, J/s -m- oC,  

 li = thermal conductivity of ice, J/s -m- oC  

 wu = volumetric unfrozen water content, m 3/m 3, and   

 Sr = soil saturation.   

 
¶ Peaty Soils (Peats)  
 
Generally, peat has a lower thermal conductivity than other mineral soils (fine and coarse soils). The portion of water and ice 
have a major influence on the thermal properties of peats. Water content in peats can be as high as 2100  % (Pihlainen, 1963, 
cited in Farouki , 198 1). Frozen thermal conductivity of peats is usually a bout four times larger than unfrozen thermal 
conductivity, which is similar to the ratio between water and ice. Thermal conductivity equations are:  
 
Unfrozen peat  
 

 ( )dryusatrdry S llll -=- )(  [ 244 ] 

Frozen peat  
 

 rS

dry

fsat
dry ö

ö

÷

õ

æ
æ

ç

å
=

l

l
ll

)(
 [ 245 ] 

These equation s are a result of fitting Kerstenôs measured data (Kersten, 1949). By combining these equation s with equation 
[ 235  ] , the resulting equations are the relation between the Kerstern number  and degree of saturation (Cote and Conrad, 
2005):  
 
Unfrozen peat  
 

 
rre SS 46.054.0 2+=l  [ 246 ] 

Frozen peat  
 

 ( )136029.0 -= rS
el  [ 247 ] 

The inputs for calculating peat thermal conductivity are 
dryl , 

)(usatl , and 
)( fsatl . Johansen suggested values for these 

inputs of 0.05, 0.55, and 1.8 W/m -°C  for 
dryl , 

)(usatl , and 
)( fsatl , respectively.  

 
Table 1 is the thermal conductivity of some common materials.  
 

Table 1 Typical Values of Thermal conductivity 

Material  Thermal Conductivity  

(J/s-m-°C) 

Quartz 8.8 

Clay Minerals 2.9 

Organic Matter  0.25 

Water 0.57 

Ice 2.2 

Air  0.025 

 
Table 2 lists the quartz content q for the common soils :  
 

Table 2 Quartz content of common soils (Tarnawski et al., 2009) 

Chinese Soil (Lu el al., 2007)                     Kerstenôs soil (Tarnawski et al., 2009) 

Soil name Quartz content (%) Soil name Quartz content (%) 

Sand 1 75 Lowell sand 77 

Sand 2 53 Northway fine sand 23 

Sandy loam 3 65 Northway sand 5.0 

Loam 4 54 Fairbanks sand 84 

Loam 11 56 Dakota sandy loam 73 
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Silt loam 5 49 Ramsey sandy loam 53 

Silt loam 6 60 Northway silt loam 2.0 

Silty clay loam 7 34 Fairbanks silt loam 40 

Silty clay loam 8 33 Fairbanks silty clay  loam 28 

Clay loam 9 39 Healy clay 31 

 
Tarnawski  et al ., 2009 analyzed the relationship between t he quartz content  and the  contents of  sand  and gravel , as shown in 
Figure 4 . The quartz content can  be estimated with the following expression:  

 
co

mq 417.0339.0 +=  
[ 248 ] 

      where:  

 q  = quartz content, and   

 m co = contents of sand and gravel.   

 

 

Figure 4 Relationship between quartz content and sand and gravel contents 

 

The thermal conductivity for ice is related to the temperature. According to the data presented in the website 
http://www.engineeringtoolbox.com/ice - thermal -proper ties -d_576.html , the ice thermal conductivity can be approximated 
with the following  data fitting equation:  

 200003.00097.01932.2 TT
i

+-=l  [ 249 ] 

     where:  

 li = ice thermal conductivity, w/m - oC, and   

 T = ice temperature, oC.  

 
The comparison of measured data with the calculation of ice thermal conductivity with the  equation is  illustrated in Figure 5 . 
 
Figure 6  is the Johansen model prediction of thermal conductivity as the function of temperature and v olumetric water 
content for sand . Due to the ice existence in the frozen soil, the thermal conduc tivity of frozen soil s has larger  value s than the 
conductivity  of unfrozen soil.  Figure 7  and Figure 8  demonstrate t he calculation of thermal conductivity  for sand and clay loam 
changing with the water content and dry density . It can  be seen from the Figure 8  that Johansen model cannot predict the  
thermal conductivity  at the very low water content , because the Kerstern number, le, is negative in  that case.  

 



BENTLEY SYSTEMS Material Thermal Properties 37 of 78 

   

 

Figure 5 Temperature effect on the ice thermal conductivity 

 

Figure 6 Thermal conductivity calculated with Johansen approach at different temperatures and volumetric water contents for sand 

(quartz content = 74 %) 
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Figure 7 Thermal conductivity calculated with Johansen approach at different volumetric water contents and dry densities for sand 

(quartz content = 74 %) 

 

Figure 8 Thermal conductivity calculated with Johansen approach at different volumetric water contents and dry densities for clay 

loam (quartz content = 36 %) 

4.1.2 Improved Johansen ï Lu et al., (2007) 

Lu et al .,  (2007) improved the J ohansen model in the calculation  of  dry thermal conductivity, ldry , (i.e. equation  [ 236  ] ) , and 

the  Kerstern number, le, (i.e. equation [ 241  ]  or equation [ 242  ] ). The main limitation of Johansen model is that the 

Kerstern number, le, will be negative for a  soil having very low degree s of water saturation. The  improved equation  [ 250  ]  is 
used to describe the  Kerstern number, le, in the Lu et al ., (2007)  model:  

   

 ( )[ ]{ }baal -
-= re SExp 1 , for the unfrozen soil  [ 250 ] 

     where:  

 
a 

= parameter related to soil texture. a = 0.96  for the coarse 

soil, and a = 0.27  for the fine soil,  
 

 b = shape parameter, b = 1.33  , and   
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 Sr = the degree of water saturation.   

 
The dry thermal conductivity, ldry , is expressed as a linear expression :  

   

 51.056.0 +-= n
dry
l  

[ 251 ] 

     where:  

 n  = porosity of soil.   

 
In the above  model , the value for the parameter s of  a and b are obtained according to the s and content of a soil. The 

calculation of thermal conductivity for sa nd is over predicted if using sa nd content (Lu et al ., 2007). Tarnawski et al .,  (2009) 
analyzed the effect of quartz content on the prediction of the thermal conductivity using the Lu et al ., (2007)  model . Based on 
the quartz con tent, the following values for the parameter a and b are obtained:  

 
 Table 3 Values of parameter a and b 

Material Type a b 

Coarse 0.728 1.165 

Fine 0.370 1.29 

 
SVHEAT implements Lu et al ., (2007)  model based  on the values as given in  Table 3 . 
 
As indicated  in the Figure 10 , the Lu et al ., (2007)  model has improved the prediction of  thermal conductivity at the very low 
water content compared to the Johansen model (see Figure 8 ).  
 

 

Figure 9 Thermal conductivity calculated with Lu at al approach at different volumetric water contents and dry densities for sand 

(quartz content = 74 %) 
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Figure 10 Thermal conductivity calculated with Lu at al approach at different volumetric water contents and dry densities for clay 

loam (quartz content = 36 %) 

4.1.3 De Vries Approach (1963) 

De Vries (1963) reviewed some of the formula s by which the thermal conductivity of soil is estimated based on the fraction 
and thermal conductivity of its constituents. The De Vries model (Tang et al ., 2008) is expressed as :    
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 ra Sg 298.0035.0 +=  
 

 ac gg 21-=  
 

     where:  

 lunfrozen  = the thermal conductivity of  unfrozen soil , J/s -m- oC,  

 lfrozen  = the thermal conductivity of frozen soil, J/s -m- oC,  

 lw = thermal conductivity of water, J/s -m- oC,   

 la = thermal conductivity of air, J/s -m- oC,   

 ls = thermal conductivity of solid particles, J/s -m- oC,   

 li = thermal conductivity of ice, J/s -m- oC,   

 qw = volumetric water content, m 3/m 3,  

 qw = volumetric ice content, m 3/m 3,  

 qu = volumetric unfrozen water content, m 3/m 3, and   
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 Sr = degree of water saturation.   

 
The unfrozen water content is determined by the approaches as described in the section of SFCC. 
 
Figure 11  and Figure 12  illustrate the thermal conductivity predicted with the De Vries model for the sand and clay loam.  

 

Figure 11 Thermal conductivity calculated with De Vries approach at different volumetric water contents and dry densities for sand 

(quartz content = 74 %) 

 

Figure 12 Thermal conductivity calculated with De Vries al approach at different volumetric water contents and dry densities for 

clay loam (quartz content = 36 %) 

4.1.4 Côté and Konrad (2005) 

Côté and Konrad (2005) study were based on nearly 200 experimental samples of thermal conductivity measurements and 
they proposed a generalized method to calculate thermal conductivity. The main point of this method is the relation between 
normalized thermal conductivity  (or the Kerstern number  in section 4.1.1 ) and the degree of saturation for different soil types 
and textures. This method is based on the normalized thermal conductivity concept shown in [ 235  ] . 
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where  

 
k 

=  an empirical parameters accounting for soil types shown in 
Table 4. 

 

 
Other parameters in the above equation were defined in section 4.1.1 . 
 
The thermal conductivity of dry soil  is determined using the following equation.  
 

 n
dry

hcl -³= 10  
[ 256 ] 

where  

 c 
=  an empirical  value accounting for soil types, W/m -°C 
(Table 5) 

 

 h = an empirical constant ( Table 5).   

 n = soil  porosity   

 
Table 4 Typical Values of k (Côté and Konrad, 2005) 

 k 

Material  Unfrozen Frozen 

Gravels and coarse sands 4.60 1.70 

Medium and fine sands 3.55 0.95 

Silty and clayey soils 1.90 0.85 

Organic fibrous soils (peat) 0.60 0.25 

 
Table 5 Typical Values of c and h (Côté and Konrad, 2005) 

Material  
c 

(W/m-°C) 
h 

Crushed rock and gravels 1.70 1.80 

Natural mineral soils 0.75 1.20 

Organic fibrous soils (peat) 0.30 0.87 

 

 

Figure 13 Thermal conductivity of crushed granite calculated with Côté and Konrad (2005) method with ls = 2.69 W/m-°C, n = 0.29.  








































































