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1 INTRODUCTION

Conductive heat flow problems in geotechnical and geo -environmental engineering involve the solution of a partial differential

equation referred to as a PDE. The PDE must be solved for all Afinite
the ge ometry of the problem). The theory of heat flow expressed in mathematical form embraces the physical behavior of the

material (e.g., soil) and the conservative laws of physics (i.e., conservation of energy). The physical behavior or many

materials, (partic ularly unsaturated soils), is non  -linear and as a consequence, the PDE becomes non -linear in character. It is

well -known that the solution of non -linear PDEs can present a challenge to the numerical modeler.

The purpose of the theory manual is to provide the user with details regarding the theoretical formulation of the PDE as well
as the numerical method used in the solution. The intent of the theory manual is not to provide an exhaustive summary of all
theories associated with heat flow. Rather, the int ent is to clearly describe details of the theory used in the SVHEAT software.

The SoilVision finite element software packages utilize the FlexPDE generic finite element solver to solve the partial

differential equation for heat flow. The FlexPDE solver a Igorithm has implemented cutting -edge numerical solution techniques
that can accommodate linear and highly non -linear PDEs. The solution technique utilizes automatic mathematically designed
mesh generation as well as automatic mesh refinement. The applicat ion of these advanced numerical techniques is
particularly valuable in solving highly non -linear and complex problems. Most commonly it is the unsaturated soil portion of

the soil continuum that brings in non -linear soil behavior. The advanced FlexPDE solv er makes it possible to obtain converged
and accurate solutions for many problems that were previously unsolvable.

The primary attributes of the SoilVision solution process are as follows:

1 Fully automatic mesh generation.

1  Fully automatic mesh  refinement based on any model variable.

1 Integrated climatic calculations.

1  Fully implicit approach in the solver, which provides for a robust solution of difficult models with convergence
issues.

T Energy -balance tracking.

1  Axisymmetric and plan analysis formu lations.

1 3,6,0r9 -noded triangles as elements for 2D analysis and 4, 10, or 20 -noded tetrahedrons in 3D elements.

1 Adaptive time -stepping with automatic generation and control of time steps.

1  Newton -Raphson convergence iteration schemes.

1  Use matrix precond itioning in conjugate -gradient solutions. The default preconditioner is the diagonal -block

inverse matrix.
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2 HEAT TRANSFER THEORY

SVHEAT is formulated to mathematically model the movement of heat in a material. SVHEAT is capable of modeling heat
transfer by the conduction or convection processes. Modeling of convection may be accomplished when coupled with seepage
(SVFLUX) and can accommodate  saturated and unsaturated materials. The software is also formulated to simulate the

freezing and thawing phase chan ge between ice and water . The following manual describes the formulation used by SVHEAT
to model heat transfer in materials.

2.1 HEAT FLOW GOVERNING EQUATION

The equation governing heat flow can be generally written as follows (Harlan 1973, Jame 1977, Flerchin ger and Saxton 1989,
Neman 1995):

LN LN CWqWE:C W fikg

X X+ Xy, [1]
where:
/ = thermal conductivity, J/(s-m-°C),
C = volumetric heat capacity of soil, Ji(m 3-°C),
Cw = volumetric heat capacity of water, J/i(m 3-°C),
qw = water flow flux  (Darcian velocity) , m/s ,
Lt =volumetric  latent heat of fusion of water 3.34 3108 J/m 3,
ri =ice density, kg/m 3,
r'w = water density, kg/m 2,
9 =volumetricice  content, m 3/m3,
T = temperature, °C,
t =time, s, and
X = coordinate, m.
On the left side of equation [ 1], the first term represents the heat flow driven by thermal conduction; the second term is the
heat flow due to thermal convection. On the right side of equation [ 1], the termof Lg % is the heat release or absorption
caused by phase change of water freezing, and the term of Ci:l—-[ is the heat storage in the system.
There a re two dependent variables of T and g in equation [ 1 ]. The ice content is associated with the soil temperature and
water content. At any time the total volumetric water content is expressed as follows.
- A
q=qu*+—4a [2]
rW
where:
= volumetric water content, m?3/m 3,
= volumetric unfrozen water content at a given negative temperature |,
s ms/m 3,
= volumetric ice content, m3/m 3,
rw = water density,  kg/m 3, and
ri =ice density, kg/m 3.
The unfrozen water content, qu, is uniquely determined by the given soil temperature, T,interms of negative degrees Celsius .

The relationship between unfrozen water content and the temperature is referred to as Soil Freezing Characteristic Curve
(SFCC). Similar to the Soil Water Characteristic Curve (SWCC), SFCC is an important soil property related to soil freezing
behavior .

Since the total volumetric water content is a constant value in thermal transfer only model, and using the chain -rule
MG C PG T gy BT
Fw M Fy UT gt T

derivative , the equation [1] can be rewritten as follows:
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BT o= (crL mp i T [3]
WXe KX+
C, =C+Lm [4]
i _ Mgy .
mp =24 if T <T2T,
CouT ¢ o [5]
m,=0 otherwise
where:
T =temperature, °C, and
t =time, s.
/ = Thermal conductivity, J/(s-m-°C),
Cw = volumetric heat capacity of water, J/(m 3-°C),
C = volumetric heat capacity of soil, J/(m 3-°C),
qQw = water flow flux ~ (Darcian velocity) , m/s,
Ls =volumetric latent heat of fusion of water 3.34 3108 J/m3,
r'w = water density,  kg/m 3,
ms! = the rate of change of unfrozen water content with temperature (i.e., the
2 slope of soil freezing characteristic curve), m 3j(m 3-°C),
= Soil freezing point, or sometime it is referred as the temperature of
Tet - L o
fusion (liquidus), C,
T = Soil temperature at the end of the freezing phase change, or sometime it
P is defined as the temperature of solidification (solidus), °C,
C, = apparent volumetric heat capacity for heat storage, J/(m 3-°C).
The term of [/, Lf mizin equation [3] represents the energy release or absorption due to the phase change of soil freezing.

Care must be taken in use of

m2. For unsaturated soil, if the soil water content at the temperature above the soil freezing

point is less than the unfrozen soil water content at the given soil negative temperature, no phase change happens because

the soil is too dry to freeze. For example

the initial volumetric water content for soil sample 1 is 0.45
starts for soil sample 1 at the soil temperature b

until the soil temperature drops down to

Unfrozen volumetric water content

, suppose soil samplel and soil sample2 have the same soil properties of SFCC, but
m?3/m 3 and for soil sample 2 is 0.15 m?3/m 3. The phase change
elow i 0.05 °C, but the phase change does not happen to the soil sample 2

10.2 C,asshownin Figurel .
0.5 5
-\\\-\\l initial water content
045 0.45 for soil 1
0.4 3
0.35 3
3 SFCC
0.3
0.25 3
0z — initial water content
] 0.15 faor sail 2
015 4
01
0.05 -
0 ] ¥ I I
0.01 0.1 1 10

Negative Soil Temperature (C)

Figure 1 lllustrative phase changing at different initial water content

Thermal conductivity, heat capacity, and the soil freezing characteristic curve are the most important properties of a materi
section of

Please see the Material Properties
thermal properties.

Equation [ 1 ] is the general formulation of heat transfer including the mechanism o

al.

this document for how to calculate, determine, or estimate these material

f thermal conduction, convection and

phase change of water freezing. In geotechnical engineering such as soil cover, the thermal convection with water flow can be
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neglected. For materials such as wood, iron and steel, plastics, etc., used in model domain, the phase change is not need ed
to be considered (i.e., m2' = 0). The following sections describe the different applications implemented in SVHEAT package.

2.1.1 Transient-State Heat Flow without Considering Thermal Convection

Heat flow due to the convection of moisture flow in a model domain is usually two or more orders of magnitude less than

conductive heat flow in all but the coarsest of soils (Pentland , 2000). The conductive heat flow is generally the greatest
significance of heat transfer  in geotechnical engineering. Consequently, by the default, the thermal convection flow is not

included when a model is created with SVHEAT. In this case the governing equation [ 3] can be rewritten as follows:

1 1D Horizontal

a, UT§ i \UT
iEdXH_O:(C+Lfrn'2)u_ [6]
MXg & X+ pt
1 1D Vertical
Ma mﬁ_( qm
Syt og=lCrLmp - 7
w?ng Ht (7]
1 2D orPlane
H&, UTO, M, HTO_ i \uT
Bl 8 R G Bl (8]
WXe = KX+ Hy¢ " WY+ Ht
1  Axis -Symmetric
&, UT g, /, uT &, UTQ i \uT
LS VIR NUPRCUSNS PRLLE N GRS L [9]
e W= I W [W2¢ M2+ it
T 3D
a, UTo a T Q a, UT o i \UT
Bay TG W MR H& W8 (cor m)HT [10]
WXe " X+ WET W MZg T HZ+ Ht
where:
1,1y, 12, = Thermal conductivity in X, y, z direction of Cartesian coordinate, or r -
/v, direction of cylindrical coordinate, J/(s-m-°C),
C = volumetric heat capacity of soll, J/(m -°C),
Ls = volumetric latent heat of fusion of water 3.34 3108 J/m 3,
ms! = the rate of change in unfrozen water content with temperature (i.e., the
2 slope of soil freezing characteristic curve), m3/(m 3-°C),
T = temperature, °C,
t =time, s,
X, Y, Z = Cartesian coordinate, m, and
r = horizontal direction in cylindrical coordinate.

The thermal conductivity, heat capacity, and SFCC can be determined using the measured data, or calculated with different
approaches. Please see Thermal Material Properties section for details.

2.1.2 Steady-State Heat Flow without Considering Thermal Convection
In steady state the temperature does not change with time. The heat flow equations are simplified as follows:

T 1D Horizontal

1 1D Vertical
HE WTo_
[ [12]
1 2D orPlane
b5 8 Ly thg=0 [13]
WXe = X+ ¢ ” WY+
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1  Axis -Symmetric

5 TG, /, uT 5 1)
igﬁf,—u—8+—ru—+£g¥2u—8:0 [14]
Mr¢g W+ W e HZ+
T 3D
a, UTd a uTo a, UTQ§
idXH—O*‘i%y“—g*'idz“—O:O [15]
WXeg  MX+ ¢ W g HZ-
where:
Ix,1y, 12, = Thermal conductivity in X, y, z direction of Cartesian coordinate, or r -
I, direction of cylindrical coordinate, J/(s-m-°C),
T = temperature, °C,
t =time, s,
X, Y, 2 = Cartesian coordinate, m, and
r = horizontal direction in cylindrical coordinate.

2.1.3 Transient-State Heat Flow Including Thermal Convection
To include the thermal convection of water flow and airflow, selectthe i Co n v e c apfion nNOSVHEAT.

T 1D Horizontal

Ha, HTd
P S L [16]
1 1D Vertical
B3 M8 vy cag T = (e Lm0 [17]
We ™ W= My Mt
1 2D orPlane
M, UTG pa pTgd w a|MT w a|MT
—ady——0+—&, ~—8- (Cyy +Calyx) - (Caly +Cally | —
ey B wg( " ”)ux(” ay)uy [ 18]
_ uT
=lC+Lim, | —
et
1  Axis -Symmetric
i%r£8+/_r£ L% H_8_ ( Wq;N'"Cacﬁa)E
e W=+ W Wwe MH2+ Hr [19]
T 1)
-l v =erLm T
T 3D
“Sg pTo+£§y£§+£a uTo
WXe = WX+ Wye T WY+ HZg  HZ+
T T
- e +Caqx) - (et +camdH - eyt + coa2 KT [ 20]
by Hz
— i |M
=|IC+Limp ) —
Lot
where:
1,1y, 12, = Thermal conductivity in X, y, z direction of Cartesian coordinate s,orr -
/v, direction of cylindrical coordinate s, JI(s-m-°C),
Cw = volumetric heat capacity of water, Ji(m 3-°C),
Ca = volumetric heat capacity of air, J/(m 3-°C),
C = volumetric heat capacity of soll, J/i(m 3-°C),
ax", qy“, = water flow velocity (Darcian velocity) in X, y, z -direction of Cartesian

q:", qr" coordinate s, orr -direction of cylindrical coordinate s, mis,

ax*  gy® = air flow velocity (Darcian velocity) in x, y, z -direction of Cartesian
g, g coordinate s, orr -direction of cylindrical coordinate s, mls,

Ly = volumetric latent heat of fusion of water 3.34 3 108 J/m 3,

m;' = the rate of change of unfrozen water content with temperature, i.e., the
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slope of soil freezing characteristic curve, m3/(m 3-°C),
T = temperature, °C,
t =time, s.
X, Y, Z = Cartesian coordinate s, m, and
r = horizontal direction in cylindrical coordinate S.

2.1.4 Steady-State Heat Flow Including Thermal Convection
For steady -state conditions the partial differential equation that describes heat flow is as follows:

1

1D Horizontal

a, UT o T
%?X%E' (Cwav’rca%?)u& =0 [21]
1D Vertical
pa ura uT _
—&,—8a-lc,ay+C.q8)—=0 22
wé@ y & ( y *Ca y)w [22]
2D or Plane
ME, TG pad, uTo U uT
— & —0+—at, —8- |Cyay +Cady J/—- (Cuay *+Cady)— =0 23
e X 2 W?ng( x ax)ux ( y ay)uy [23]
Axis -Symmetric
ﬂ%r £g+/_r£+£$ uT 0
e W=+ I W [zg HZ— [ 24]
uT HT _
- (Cwq;N+Caq?)E' (Cwq;v+caq§)E_O
3D
M a uTo pa, uro pa pTo
—ady @y gr—ad
Xe X+ Wy ” W= HZg HZ + [25]
15 T
(Cwqx +CaCIx) (Cwq Caqg‘})“—- (CWQ%CaQ?)”— =0
Hy Hz
where:
Ix,1y, 12, = Thermal conductivity in X, y, z direction of Cartesian coordinate s,orr -
I, direction of cylindrical coordinate s, J/(s-m-°C),
Cw = volumetric heat capacity of water, J/i(m 3-°C),
Ca = volumetric heat capacity of air, J/(m 3-°C),
ngvvv’ q 3yw’ = moisture flow flux ~ (Darcian velocity) , m/s ,
ax%, gy? = air flow velocity (Darcian velocity) in X, y, z -direction of Cartesian
g2, 9 coordinate s, orr -direction of cylindrical coordinate s, m/s,and

T = temperature, °C.
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3 COUPLED EQUATIONS OF MOISTURE FLOW , AIR
FLOW AND HEAT F LOW

This section discusses the coupled equation governing moisture flow, air flow and heat flow. Depending on different
applications, three cases are considered:

1 Heat flow coupled with moisture flow,

1  Heat flow coupled with air flow,

1  Heat flow coupled with moisture, and air flow.

3.1 BASIC COUPLED EQUATIONS GOVERNING MOISTURE
FLOW, AIR FLOW, AND HEAT FLOW

3.1.1 Basic Equations for the Flow of Moisture, Including Water and Vapor
The following assumptions and considerations are made:

T The soil moisture flow obeys Darcyds | aw,
1  Moisture evaporation is included only when a climate boundary condition applied,

f  The convection between moisture and heat flow is considered,
1

Hydraulic conductivity reduction in frozen soil regime is considered. The same approaches are used to calculate

hydraulic conductivity as the function of soil suction as described in SVFLUX Theory Manual, but soils suction in
the freezing and frozen regime is determined by Clapeyron equation.
The equation governing moisture flow , including liquid flow, vapor flow, and freezing is described as follows:

3.1.1.1 Water flow

Volumetric m oisture content (including water, vapor, and ice) can be generally expressed as

d=d +d, +0 (efTT)ﬁ [26]
dw
where:
q = total volumetric water content, m3/m 3,
q = liquid water content, m?3/m 3,
Q = water vapor content, m?3/m 3,
g =ice content, m?3/m 3,
ri =ice density, kg/m 3,
r'w = water density,  kg/m 3,
ax) = a unit function having the value of dx) =1ifx>0 , ax) =0 else.
Tet = temperature at soil freezing point, °C, and
T = soil temperature, °C.

Water flow due to the hydraulic head gradient and the temperature gradient can be generally obtained by the modified Darcy
law:

aky Huy uT @
a =- e W i B 27
L B 2 w LTHZ§ [27]
ky WY (T) Ku
=— 28
LT % T rrégw [ 28]
_ v (T)
m, = [29]
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where:

For the unfrozen soil, the following relationship between matric suction and

2008):
Y =Y ()ex)- a( - To)] [30]
m, =-aY (Ty)ex|- a(T - T)] [31]
where:
(To) = matric suction at a reference temperature, kPa, which is determined
Yo by soil water characteristic curve (SWCC),
a =2.09X10 3, 1/°C,
Noborio etal ., (1996b) used the following expression for kuir, as given
1 _ _
=0, Gy = = . u,G,7 (198° 10 2 +6.62% 10 °T) [32]
Go MT
g=756- 0.1425 - 2.383 10 472 [33]
where:
Gwr = gain factor, a dimensionless factor,
@ =71.89,g /s? and
g = surface tension of soil water, g/s2.
For the frozen soil, the Clapeyron equation may be used to obtain the matric suction as the function of temperature
etal, 2007) :
LT :
Y = —gw f = n’éT [ 34]
rw3To
. g L
n{z —_ wf [35]
27315gr,
NOTE:

= hydraulic conductivity due to water head, m/s ,

= hydraulic conductivity introduced by temperature gradient, m?2/s-°C,
KN/m 3,

= a relation of matric suction to the temperature,

= unit weight of water,

= slope of the relation of matric suction to the soil temperature, kPa/ °C,
and

= Temperature, °C.

1. The unitof variable Tin [ 34 ]is °C and To is273.15 K

2. It is not very clear for the mechanics of liquid water flow caused by

gradient.

3.1.1.2 Vapor flow
Vapor

al., 2006, and Heitman et al

flow due

a temperature

SVHEAT may not fully support this feature in the current version .
to the vapor concentration in the
., 2008):

D,b gé Y 1)
o, =-D,pH% - Dub gRVy Y Wy T g [ 36]

Fw ¢HY pz Ul pz =+

° T o,1,75

D, =2.29% 10°%+ 0 [37]

¢ 27315:

b=(g)*=mn-q)" [38]

temperatur e is used (Milly, 1984;

por e

ai

r

S

Heitman, etal. ,

(Daanen

gieten

acc
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q, = % [39]
w
ry= rsvohr [ 40]
-9y
hr - egNR(zmaT) [ 41]
y =,-u,)+p [42]
where:
qv =v apor flow rate in soil pore air , m/s,
Dv = molecular diffusivity of vapor in soil pore air, m?/s,
b = soil tortuosity of a dimensionless factor,
¢ = volumetric air content, m?3/m 3,
q = volumetric vapor content, m3/m 3,
r'w = water density,  kg/m 3,
rv =vapor density,  kg/m 3,
I'svo = saturation vapor density that is dependent on temperature, kg/m 3,
hr = relative humidity,
e = unit weight of water, kN/m 3
Y = total suction,  kPa,
Ua = pore air pressure, kPa,
Uw = pore water pressure, kPa,
p = osmotic suction,  kPa,
W = molecular weight of vapor, 0.018016 kg/mol ,
R = universal gas constant 8.3144 J/mol -K, and
T = soil temperature, °C.

Using the equation [ 40 ], [ 41 ], and expanding the equation [ 36 ] gives

Db ge Y &
qV: Dvbp‘qv:_ qér I“lh ll ah,wsw"'f ﬁou_l;j [43]
o & W pz ¢ Wl HT +pz g
If water vapor is considered as an idea | gas (Fredlund and Gitirana 2005), the saturated vapor density is given by
- CUVKIUS\O
[‘ e S L S
S0 T R(27315+T) [44]
Ug,o = 0.6183580754 004114273 + 0.0017217473'2
[45]
+0,0000174108 3 + 00000003985 4 + 00000000027 >
where:
Uvso = saturated vapor pressure, kPa,
= unit conversion coefficient, Cu = 1000 for metric unit, and Cu =1 for

Cu imperial unit.

Saito et al., (2006) and Heitman et al., (2008) use the different expressions to describe the saturation vapor density, but
Figure 2 shows that equation [ 44 ] has a good agreement with the experimental data from the online compared with other
approaches. The experim  ental data is from the website: http://hyperphysics.phy -astr.gsu.edu/hbase/kinetic/relhum.html#c3
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Temperature (C)

Figure 2 Comparison of different approaches to calculate the saturadin vapor density.
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Insertion of the equation [ 44 ] into the equation [ 43 ] results in the vapor flow rate:
& T o
__akyp Hu HT Ky pu
= gt =5 [46]
COw M2 Kz gw HZ =
k= 2 890 sy [ 47]
roR(27315+T)
er, & Uy O, Ug-u, 9
va:M, w s\O 8 a” Yw U [ 48]
Gw 8" svoC HT (27315+T) = (27315+T)y
The total moisture (water and vapor) flow rate becomes
K * Kyn HU HT  kyn Uy
O = QL+QV_'e—th 2 i+ (ker kot ) - ﬁ_ﬂ [49]
é 9w HZ  gw HZ
Based on the mass conservation, the equation governing moisture flow can be written as the format like
1 HUa g_Haqu , ri MG
41— +k12 +k13 thyy=—t——- 50
gk TR T [50]
K + Kyn k
kg == ko =k p+k, kz=- -0 [51]
Gw 9w
where:
Kw = hydraulic conductivity, m/s ,
Kvh = water vapor conductivity by diffusion within the air phase, m/s ,
kvt = water vapor conductivity due to temperature gradient, m?/s -°C,
kit = water conductivity introduced by temperature gradient, m?2/s-°C,
T = temperature, °C,
Uw = pore water pressure, kPa,
Ua = pore air pressure, kPa,
(" = unit weight of water, kN/m 3,
I = water density,  kg/m 3,
= unfrozen volumetric water content , including liquid and vapor, m?3/m 3,
g = volumetric ice content, m?3/m 3,
ri =ice density, kg/m 3,
z = elevation, m, and
t =time, s.

3.1.2 Basic Equations for Heat Flow

The energy conservation of heat flow that contains the thermal conduction, convection, water vapor and freezing phase

change can be generally expressed as
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i: % quv'(CWqL+quv+Caqa)T§:C%+Lv%' Ly rr—viV% [52]
C=Cgs+Ca +Cq +CGq +Caga [53]
where:

/ = thermal conductivity, J/(s -m-°C) or w/m -°C,

T = temperature, °C,

L, = volumetric latent heat of water vaporization, 2.5 310° I m3if T > Te

otherwise , Lv =0 otherwise.
L = volumetric late nt heat of fusion of water 3.34 3108 Jm?3,if T>T e or T<
Tep, then Li =0,

Tet = temperature at soil freezing point, or liquidus temperature , °C,

Tep = temperature at the end of ice phase, or solidus temperature, °C,

qL = water flow velocity (Darcian velocity)  (i.e., equation [ 27 ]), m/s,

qv = water vapor flow velocity (Darcian velocity)  (i.e., equation [ 46 ]), m/s,

Ja = air flow velocity ~ (Darcian velocity)  (i.e., equation [ 66 ]), m/s,

C = Heat capacity of a material ,

Cs = volumetric heat capacity of solid phase of the sail, J/m 3-°C,

Cw = volumetric heat capacity of liquid phase of the soil, Jim 3-°C,

Cv = volumetric heat capacity of vapour phase of the soil, J/m 3-°C,

Ci = volumetric heat capacity of ice phase of the soll, J/m 3-°C,

Ca = volumetric heat capacity of dry air phase of the soil, Jim 3-°C,

[ = volumetric solid component content of the soil, m?3/m 3,

q = volumetric water content of the soil, m3/m 3,

o4 = volumetric water vapor content of the soil, (i.e., equation [53]) m3m?3,

q = volumetric ice content of the soil, m?3/m 3, and

G = volumetric dry air content of the soil, m?3/m 3.

On the left side of the equation [ 52 ], the first term is the sensible heat by conduction, the second term is the latent heat of

vapor, and the third term is the sensible heat by convection due to t

of the equation represents the heat

storage with the soil heat capacity, vapor, and heat fusion in ice phase change.

Insert ing vapor flow rate of equation [ 46 ] intothetermof  Lvgv inthe equation [ 53 ], and get the following equation:
e m L ] T
ﬁé(/ + kavT)“_q.V_th%_ Likon g 9 (Cqu +C,q, +Caqa)u—
Mz & 9w M2 9w M2 Kz [54]
LTS B
it Ht Fw Ht
Equation [ 50 ] and equation [ 54 ] are coupled through the ice content g and vapour. After the term of i
w
equation [ 50 ] is inserted into the equation [ 54 ], the following equation is used for the heat flow governing equat
coupled with moisture and air flow:
Ha MUy T Hug o pT
o1 W 4 Koy T + Koz 2 + L1y 0- (Cpa +Culhy +Calla)—
Wzg © pz Hz Hz et 4z [ 55]
= (C +Lymp+ L\,rn‘z’)E - Lymy" MU - Uy)
Mt pt
LKy +Lykin
kpp=———— [56]

Gw

he water flow, vapor flow and dry air flow. The right side

Hg,

————in the

ion
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Koo =/ + Lk, + Lkt [57]
L,
kyg=- L [58]
i~ M9y [59]
uT
rr];/ a— (n - qw)gM/Vhf é,puvsat uvsat + rvsat ua B IJW g [ 60]
g,R(273.15+T) g pr  27315+T  r, (273.15+T)H
v — rvsah é, W gVVv(n_ qw) g
Y R rer)
r. é g,R(273.15+T) 3
where:
Uw = pore water pressure, kPa,
Ua = pore air pressure, kPa,
Kw = hydraulic conductivity, m/s ,
K = water vapour conductivity due to the vapour pressure gradient (i.e.,
v equation [47] ), m/s,
K = water vapour  conductivity due to the temperature gradient, as defined in
T equation [ 48 1), m/s,
K = hydraulic conductivity introduced by the temperature gradient, as defined
e in equation [28] , m/s,
m2! = slope of soil freezing characteristic curve, and
Q = volumetric unfrozen water content, ms3/m 3.
It should be noted that in the derivation of the above equation [ 55 ], the term of  Likwn or Likyr are excluded, because the

evaporation phase change and freezing phase change <coul dndt happen
evaporation only occurs at the temperature above soil freezing, and the occurrence of soil freezing phase change is

constrained to the temperature interval between the liquidus temperature, Ter, to solidus temperature, Tep. In other words,

the term of  Likwn Or Likyr is always 0. For the purpose of eas e in the implementation, the latent heat of evaporation, Lv, and

late nt heat of fusion, Ly, is expressed as:

L =L Ma(T - Ty) [62]
L =L ml UT-T,T-T
[ f(r)|miz|+€‘ (r ep? ef) [63]
where:
Lo(T) = volumetric latent heat of water vaporization at the given temperature,
Y Jm3,

L«(T) = volumetric latent heat of fusion of water at the given temperature, Jim 3,
ax) = a unit function with value of ax)=1ifx>0,else 0 ,
U(x1,X2) = aunit function with value of U(x1,x2)=1 if x1>0 and x2 <0 ,else0
e = an arbitrary small number, e=10 % and
m2! = the slope of soil freezing curve.

The equation [ 62 ] and equation [ 63 ] areusedtoensure L, =0 if T< Ter,and Li=0 if m2=00rT>T and T<T ep.

3.1.3 Basic Equations for Air Flow
The following considerations and assumptions are made for the derivation of air flow with the two phases (water and gas):

The air is a compressible gas,

The bulk flow of the pore dry air is mainly driven by air pressure gradient,

The flow of the partially dissolved air in water is governed by the water head gradient (Fredlun d and Gitirana
2005 ; Thomas and He, 1997), and

a
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1 The diffusive effect of pore dry ai r can be neglected (Thomas and He, 1997).
The mass conservation of air ~ flow can be modified on the basis of SVA IR theory manual:
Wr.n- @ Higl, Wr.(a+Ha) _, 64]
pt Hy
where:
Ia = air density,  kg/m 2,
n = porosity, dimensionless,
Hec = Henryo6s volumetric coefficienmd3n3% air
G = volumetric water content, m?3/m 3,
Qa = bulk air -flow, m/s,
qQw = water flow, m/s,
y = elevation, m, and
t =time, s.
If the airis  considered as an idea | gas, its density is
w,(u, +u,,)
r,= Cu —=a~.2a am [ 65]
R(273.15+T)
where:
ra = air density, kg/m 3,
Ua = pore air pressure, kPa,
Uatm = atmospheric pressure, kPa,
Wa = average molecular weight, 0.0288 kg/mol ,
= universal gas constant 8.3144 J/mol -K,
= pore air temperature, °C, and
Cu = unit conversion coefficie  nt, for Metric  units, Cy = 1000 , and for Imperial
units, Cy = 1.
The air flow velocity  with the bulk motion obeys the Darcy law:
e k .o
Oy =- gk, +—2—2 [66]
é Ga Wy
9.=9r./C,
where:
Ja = air flow velocity, m/s ,
K = air conductivity, m/s , which is the function of the degree of water
@ saturation, and
@ = unit weight of air, kN.
After the substitution of the equation [ 66 ] into the equation [ 64 ], the air flow governing equation is written with the format

as follow s:

s T 2
é%ﬂ% + kSZHE + kss% +ga(ky + Hckw)gz

gy A HIA)ER ) B (0 0 Hog) [67]

— €
R(27315+T) é (n- (1- He)g)(Ua *+Uatm) HT
g 27315+T Wt

[ac el e« ]

Let g, =n- (1- H.)q, . the above equation can be rewritten as
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b o_
—3%1 +k32E+k33 pza +ga(ka+Hckw)H—

o ¢ )“ 8+ (Ug +Ugim) — ( a)- —(qa)(ua+uatm)£? el
R(27315+T)eqa a 27315+T pt Y

Hcky
= 9a7C ey =0, kag=ky [69]

W

The Henryés coefficient of air solubility in the air is dependmnt of
expression based on the data fitting as shown in Figure 3 .

He :10'5(4- 9210 2T +13 10'3T2) [70]

where:
Hc = Henryods coefficient of ai®m3amdl ubility

T = Temperature, °C.
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Coefficient of solubility
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Temperature (C)

Figure3The rel ation of Henryds coeffi ci en {FrediundandRahasjo,1993)i | i ty i

NOTE:
If water evaporation is not considered, let Hc =0.

3.1.4 Determination of Ice and Hydraulic Conductivity Reduction

It is necessary to develop an advanced algorithm describing the ice change rate during soil freezing and thawing. The
following analysis is a simple approach to estimate ice based on SWCC and SFCC. At any time, the ice content can be
expressed as

a="2(g-a).if g>a

T [71]
g =0 otherwise
where:

= volumetric water content at soil temperature s above freezing point,
q m?3/m 3,

= volumetric unfrozen water content at soil temperature s blow the freezing
& point, m3/m 3,

= volumetric ice content, m?3/m 3,
e = water density, kg/m 2, and
ri = icedensity, kg/m 3.
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When the soil temperature is above the soil freezing point, the soil water content, g, is uniquely determined by matric suction
through using the Soil Water Characteristic Curve (SWCC). When the soil temperature is going down to the soil freezing point,
the unfrozen water uniquely depends on the soil temperature through Soil Freezing Characteristic Curve (SFCC). The

relationship between SWCC and SFCC is realized through the Clapeyron as defined in Equation [ 34 ].

In the frozen soil regime, soil matric suction is calculated based on the negative soil temperature, and the soil hydraulic

conductivity can be calculated using this matric suction. It can be seen from the Equation [ 34 ] that when the solil
temperature goes down, the soil matric suction is dramatically increased. Consequently, the hydraulic conductivity is

significantly re duced in the frozen soil region. This behavior will be discussed in the section of Material Properties  of this
document.

3.2 COUPLED MODEL OF MOISTURE AND HEAT FLOW

By the default neither the vapor flow is included in SVFLUX, nor thermal convection included in SVHEAT. To include the vapor
flow in the analysis of moisture migration, the climate boundary including evaporation should be applied with SVFLUX. More
details see the SVFLUX theory manual . In addition, to take account of the thermal convection into the thermal flow, the
convection option should be explicitly selected in SVHEAT model settings. In addition, the pore air in the soil is assumed to

connect to the atmosphere, i.e., ua =0.

3.2.1 Transient-State Coupled Model for Moisture and Heat Flow
T 1D Horizontal

& x MUw) uTﬂ+ TN
h: uxg(“ AT TN [72]
u T Q T
T a"(x LT ;ZH_O ( WQ>IZ +qux)p_+Qsink =
: MXg © X PX = X [73]
u, - u
(e Ly Lm0 )
I(X_kx\’+ vh K = KET 4 VT kLT—n{Z'& [ 74]
11 —QW v N2 X v Ry G
Lk + L k'
= K= LK Lk
‘W
1 1D Vertical
he He , y by, )+ky uT +kw +s, = Mg, , 7 Mg [75]
We My My mtoor, Ht
" T
T: I“1%21#]1-]‘,‘/-‘-'()/ +Lk 8 (Cq CQ)H Qsmk
: Ky
( | [76]
— i \"J V| IJ- u -u
=lC+Lm +Lm) - L m"——=——
con )m -
kW+th . kW
= =K T, T =g
9w 9w 77
LekY +L k"N [77]
k2y1=#: k2y2=/y+kaVT+Lfk|)7T
Gw
T 2D
K& x H(uw) .\ x uTrz H Gy HUw) y uT Ma, | ri Mg
. +k o+ =— 4L 78
h: uxg(ll X 12 UXU ng“ y U Ssink = TR [ 78]
T Skx HUw) uTﬂ o g(y H(uw) +ky T "y kwﬂ
IXE 2 X 22 X Y@ 2ty 2y a
\% \% T
- [Cqu +qux]W' [Cwa)? +qy]_+Qsink [ 79]

i u u
=levuim e Lmgil- L vm;h—‘“ st
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kW + th kW + th
KX = _x kly -y
11 ' 1

9w 9w

=T+, KT+

Lk +L k" , _Liky+ Lk
k

k21: , =
G 2 G

k3o =/y+LKT +Leke ', Koo =/y + LK +Leky"

kY K
KET = 2 kT = 2L
X n’é a y ”{zgw

W
1 Plane
h H gkx H(Uw) uTﬂ M g(y H(Uy) +kx uTﬂ+Ssm A
' IXE™ X i et W H 7w K
T » g<x U(UW) KX UTﬂ Mg eky M(uy) +KY ure

u
WXE 2 ZZHXu We W 2wg

[Cwqx + qux [Cwqy + Qy] Ty + Qsink
=lcrLomp Lvmz) - Lmg" —“(an )
w vh w vh
kx_kx+k y_ky+k
1= kll -
9w 9w

=T+, KT+

Lk + L k" , Leky + Lk

k3= : =
G 21 G

k3o =/x+ LK +Leke", k3=/y +LKT +Leky

kY K
kLT = X KLT =
X nég y ”{zgw

w

1  Axis -Symmetric

h: ﬁg(r U(Uw) K" P'T‘Z' 11 Ry k{2E+
) 11 12 WH row row
g<z H(Uw) w2 KL uT kWﬂ+SS|nk _hgy , i ug
W ry f
H&r M) o uTg+k_21 My Koy WU 1§ e W) o 1T
wE2 @ euld o w o MZe“uz

1) 1§
HE - [qulf + qu\zl]HE + Qsink

- [Cwqu +CyaY

(e mp+ L\,mg)% - Lmy —”(u:t )

r _ Z _
k]_]_—r—, 11~
9w

kW + th kgv + th

k{z - erT + kVT, klzz = k;_T + kVT

+L kW‘Zl
U
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CLek LK Lk Lk
k21= k1= [96]
9w w
koo =1r +LK"T +LekrT, k3o =/, + LK +Lik;' [97]
-y k' LT m, kz'
ko' =m, ——, kz' =m, = [98]
9w Gw
T 3D
H&x Wuy) o x WTe pey Uy v T8 pé, iUy W o
I R T A v e
px & (28 Xa e Ky Wwua Hze Mz Hz u [99]
_ Hqy ri KG
+S, = —d 4 LT
Ssmk ot Fw H
H & x K(uy) HTo, 1§y KUy T8, P&, KUy uT 2
T: —gk:l—w K g Y +ki’2—u+—gk;—w +kZ E= 4+ Lok,
px pX Xa e My Wwua Hze Mz u
T T T
- fowat + qux)“&- (Cual + cvqy)“w- (S +cvq§)“E + Quink [ 100]
i 1 H(ug - Uy)
= doLymp - Lmg AL g )
kW + th kW + th kW + th
K=, k=t kfj=——— [101]
9w Gw w
Ko =k +kT, kb =kyT +K'T, K =kz +k'T [102]
Lekl + L k"N LekW + L kN LekY + Lk
x _ —ffx v y _ %y v 2 _ —fhz v 103
ko1 = v K21 = KT [ ]
9w 9w Gw
k3o =/y+LKT +Leke', K3 =/y + LK +Leky", K3o=/,+L K" +Lck;" [ 104]
w
ke o Ky kY
KT =mf, =2, ky' =mh L, KT =, 22 [ 105]
9w 9w 9w
where:
Uw = pore water pressure due to hydraulic head, kPa,
T = material temperature, °C,
t = time, s,

w w
ks Ky = hydraulic conductivity in X, Yy, z, or r-direction s, m/s. For a
KW KW homogenous material, k=k x" =k " =k " =k ",

Z r
v = pore -water vapor conductivity by vapor diffusion within the air phase,

m/s , see equation [ 47 ]
KT = vapor diffusion due to temperature gradient, m/s, see equation [ 48
1,
(" = unit weight of water, kN/m 3,
Ix J, . = thermal conductivity in“ X, ¥, Z, or_ r-direction s, J/(s-m-°C), For a
Iz, 1 homogenous material, Ix= = d=

Lo = pore -water flow rate  (Darcian velocity) inthe X, vy, z, or r -direction
qu, qu' across a unit area of the soil due to the hydraulic head gradient, m/s ,
qz% ar see equation [ 27 |,

v oy = water vapor flow rate (Darcian velocity) inthe x,y, z, orr -direction
qxv, qu ' across a unit area of the soil due to the hydraulic head gradient, mis ,
2.0 see equation [ 46 ],

L = volumetric latent heat of water vaporization or condensation, see

equation [ 62 ], J/m 3,
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NOTE:

Li equation [ 63 ], J/m 3,

Cw = volumetric heat capacity of water, J/(m 3-°C),

Cv = volumetric heat capacity of vapour, J/(m 3-°C),

C = volumetric heat capacity of soil, J/(m 3-°C),

q = volumetric water vapour content, m3/m 3,

m2' = slope of soil Freezing characteristic curve,

m2/ = slope of the relation of soil matric suction to the temperature,
mz¥ = defined in equation [ 60 ], and

ma" = defined in equation [ 61 ].

The water vaporization factor is included only when a vaporization climate boundary
condition is applied. Otherwise, kvr=0 ,and kw =0 .
If the water flow induced by temperature gradient is neglected, let kit = 0.

3.2.2 Steady-State Coupled Model of Moisture and Heat Flow
1 1D Horizontal

h:

& u Tz
i %i “(;»ZV) H e F Sy =

! T § T
H %X U W+ 5(2%0 ( w%% +qux)u§+Qsink =0

1 1D Vertical

h:

k)\?’+ vh KW
Ki=———, iy =k +kT, kT =m) X
9w 9w
Lka+kaVh
k= —————, K=/ LK Lk
9w
e u T
%é(flu(u;v) k tly"'kwu*'SSmk—
é
1% y Bw oy uT+Lk L v | UT _
— f Cwdy +Cyty )J=— +Qsink =0
w2y ey y8( y y)uy sin
kW+th . kW
y LT VT LT y
ky=——— kp=ky' +k", Ky =m,—
9w 9w
Leky + Lk VT LT
kzylzT, kYo =1y +L K" +Liky

u Tz e u T
S< Huw) o x HT Moy Muy) e ty"'kwu"'ssmk_o

€ el § 0y
ug( HUw) uTz H Gy Mluw) ey KL L kwu+Q )

in
IXE 2 22u><u wen W = >

[Cwqx qux [Cwqy +qy g

h w vh
LR Kk
ky=—=—, K =—7——
9w g,

= volumetric latent heat of water freezing or thawing, as given in

[ 106]

[107]

[ 108]

[ 109]

[ 110]

[111]

[112]

[113]

[114]
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k£<2 - k>|(‘T + va, k1y2 — k;T + va

h w vh
o LKL LK LK
21— 21

9w 9

k3o =/y +LKT +Leke', k¥ =/y +L KT +Leky"

o ke K
kX :n'é_x, k :n‘é_
g’ G
1 Plane
H&x MUy) \ x WTo W&y Uy, y kTo _
. — &K = KTyt — gk =k —+ S =0
h: lJX§<“ X2y Wg(“ My “WH Sink
T ig(x Mﬂ(x Eg-f-igky Mﬂ(y Eg

IXEZ X XU WET WY 2

1) T
- [Cwqu +CVQX]“; - [CWQb +qy HW +Qsink =0
kW + th kW + th
ki(l =_x , klyl = y—
Gw 9w

= kiT 0T, K=K+

L Lk ALk , Lk L k"
kZl = ’ 21 B
9w 9w

k3o =/ +LKT +Leke", k=7, +LKT + Lk

LT ke LT fTé k;,'v
k = _X’ k = -2
) né 9w Y 9w

1  Axis -Symmetric

h: ig(r H(uy) Iy £?+k_LWw+kLr2£+£g(y H(uy) +K? HT @
' weE™ w Pwlhoroworow eEe o ¢
N r N
T Hgr M) o HTO, K5, iy Ko T 1 8z M) o MTE
we o 2wl orow v o & e ey

- [Cwqu +Cwqy]%' [quzL +qu§]% +Qqi =0

kW+th k;v +kvh
k1r1=r—1 klzl:
9w w

Ko=kr" +K", kp=kg' +k'T

Lkt + Lk Lk + Lk

kél:—v kZl_
Gw Gw

Kby =/, + LK + Lk T, K=/, + LT+ Lkt

kLT:méﬂ kLT:méﬂ
' O G

EBJf Ssink =0

[ 115]

[ 116]

[117]

[ 118]

[ 119]

[ 120]

[121]

[ 122]

[ 123]

[ 124]

[ 125]

[ 126]

[127]

[ 128]

[ 129]

[ 130]

[131]

[132]
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B Gox Wuw) H(Uy) Ly x HT Mo, g H Gy Hw) u(uw) ey HTe, u Skz H(Uy) oz ULy

X @ 11 X 12 UXU WAll 12 Wu yz e pz pZ u [133]
+Sink =0
T u S<x HUw)  x HT qua He Qky u(uw) Y HT uTﬂ H 3( Huy) | Eﬂ_fk [}
pxé 2t X ZZUXU My é 2t 22Wu Hze Hz ? ez [ 134]
(Cwqx +qux) (Cwqy +quy) (Cqu +quz)_+Qsmk =0
. kW+th , k¥V+th kl k:v + kvh
ky=———, kfj=——, Kj=— [135]
gW k11 gW ! gw
o=k +kT, K=k kT, kG =T kT [136]
Leki +L k" LekW +L kD LekY + Lk
k21= fBx v , kg]_: f Ry v , kzzl= fRz v [137]
9w Gw 9w
k3o =/ + LK + Lok, k3o =/ + LK +Lek)T, [ 138]
k3o =/, + LK +Liks"
KW LT . k;" KW
KET =mf Xk :n’é_' kLT =l 22 [ 139]
=g o T = L T =

3.3 COUPLED MODEL FOR HEAT AND AIR FLOW

I'f moisture flow is not considered, tHh=0, &hd the watersevaporation is peplected. Thet y coef f i
governing equations for air flow and heat flow are simplified as described in the following sections.

3.3.1 Transient-State Coupled Model of Heat Flow and Air Flow
1 1D Horizontal

H %a HUa Wy € Huy qa(ua"'uatm) HT @
a HoatlaB. Ia G Ha. Ja1a amE o
u e X X+ R(27315+T) o T o7iseT Y [140]
T: uT i \UT
ﬁ? 8 -(aqx)ux+Qsmk=(C+Lfrra)“E [ 141]
1 1D Vertical
Ua: Ha a Uua _ gWa Uua _ Qa(ua"'uatm)E?
% "% y§ R(27315+T)e a 27315+T t Y [142]
T: 3 o ’
pa, Wra a|HT _ i |HT
= Lkl ay J— + Qsink =\C +Linp ) — 143
W?ng (ay)uy sink ( f )ut [ 143]
9 2D
U%xauuao U%a“ua_,_g g:
a
Ua xg WX = py@ 2
' [ 144]
SIA € &_ Qa(ua"'uatm)E‘f’
R(27315+T) §° 27315+T 1t Y
T: 2 5 3 o
H& WTG, M uTQ ur uT
&, —o+—& 8- (Cy 9y f—+Q
IJX(;XUX+ ?ng (ax)px (aY)W sink [145]
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1

1

1

Plane

Axisymmetric

Ua:

Three

Ua:

where:

a unit area of the soil due to the air pressure gradient or the temperature

gz gradient, m/s,
L = volumetric latent heat Qf water freezing or thawi.ng, J/m 3,
Ls =3.334x10 23/ m3if Ter > T>T ¢p, Otherwise =0.
Tet = temperature at soil freezing point, °C,
Tep = temperature at the end of phase change during freezing, °C,
Ca = volumetric heat capacity of air, J/(m 3-°C),
C = volumetric heat capacity of the soil, Ji(m 3-°C),

m2! = slope of soil  Freezing characteristic curve, and

3 %Ka Hu & or B M %a Uua g, HUa B Qa(ua +uatm) Eﬂ [ 146]
Xg © X+ WG + R(27315+T) g 27315+T 4
a 0] a uTo T T
id U_O i% u_8 ( aQX)Ll ( aqs)u_+Qsink
Xe = X+ Wy¢ T WY - 28 (2% [ 147]
=l rLim )T
pt
k2
:‘%a “:ao : liuwa +:lz%a HUa +gaka0
¢ ) ¢ [ 148]
A e My qa(ua"'uatm)E?
R(27315+T) &% it 27315+T ut Y
3 Tg /, uT 3 T Q 1§
BBy MTg, [ HT, MG TG (cac2)ET
Hrc Wm? g pze IJZTHT [ 149]
- (Caqg1 E + Qsmk - (C + Lf mlz)ﬁ
-Dimensional
G o
R G tage K galla g, B ggalt g a8
Xe X+ Wel WY+ g - [ 150]
g, é &_ Qa(ua"'uatm)E?
R(27315+T) & 27315+T [t u
° ~ é 6 o ~
HE MG A MTE WA T
WXe KX+ ¢ W g M2+
1} T T [151]
H M —
- (Caqg)m - (Caqs W - (Caqg) + Qsink - (C + Lf mz)
Ua = pore -air pressure, kPa,
kx®,ky? = air conductivity of the material in the X, Y, z, or r -direction s, m/s . For
kz?, k2 homogenous material,  kx* = ky® = kz* = k?,
@& = unit of air weight, kN/m 3,
n = porosity, dimensionless,
Qv = volumetric water content of a material, m3/m 3,
A = average molecular weight of air 0.0288 kg/mol ,
[¢] = acceleration due to gravity, 9.81 m/s 2,
R = universal gas constant, 8.3144 J/mol -
T = temperature, C,
Ty, yil = thermal conductivity in X, Y, z, or r-direction, J/(s-m-°C). For a
T, 21 homogenous material, Tx= , =, 1= 1
P Gy = pore -air flow velocity  (Darcian velocity) inthe x,y, z, orr -direction across
X 3 Y
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Qsink = heat source or sink, Jis-m3.

3.3.2 Steady-State Coupled Model of Heat Flow and Air Flow
1 1D Horizontal

e Halal [ 152]
X¢ = X =
5 T Q i
T i%x%%' (Caqg)“m"'Qsink:O [ 153]
T 1D Vertical
Ua: g aMly al_
L E&aTa 4+ g k30=0 154
Wé%y T yg [ 154]
Ha, urag a\HT _
. —_— —8-C.q)—+Q,., =0 [ 155]
T: in
wéﬂy uy§ ( a y)uy sink
i 2D
a a a a6 : a a 36_
u ﬁ%x Hu 9+£%yw +g.k;g=0 [ 156]
WXe WX+ W¢ o WY +
T: 2 = 2 &
a T O a T Q J\UT a\UT
idxu_o-'-igyu_e' (CaQX)“_' (Caqy)u_+ sink =0 [157]
Xe = IX=+ e o WY+ KX Ky
1 Plane
. 3 o) 3 0
Ual i%f HU, 8+£%§1 HU, 8: 0 [ 158]
X X+ ¢ WY =
T: 3 5 w3 5
Ha, UTO, na, pIa uT T _
&gﬁ‘xag*'w?ng- (Caqg)a‘ (Cacﬁ)w"'Qsink =0 [ 159]
1  Axisymmetric
. 3 k"’l
Ual i%rﬁ\&g uua + U&( uua +ga [160]
e W+  pr pzg
Ma, MTG, /, UT L Ha, UTO uT
—&, —0+——+—a&,~—0 Or J—- \Calz )=+ Qsink =0 161
T urgrur+ rowr UZQZUZ:(ar)uI’ (az)uz sink [ ]
T Three -Dimensional
e Eae g bgg bl Pae et gkd=o [162]
WXe KX+ Wye o W+ Mg [z =
U MTG A WO LA LT
WXe KX+ ¢ W Hg HZ- 163
" A L T L -
asix “X aHy w avz “Z Sinl
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3.3.3 Heat Flow and Air Flow due to Natural Convection

This section presents the governing equations of air flow due to thermo -buoyant or natural convection. The air density is
assumed to be incompressible in the natural convection, and it can be applicable with Oberbeck -Boussinesq approximation as
follow s (Nield and Bejan , 2006):

ra= fao[l' by (T - TO)]= b gy [ 164]
p="a
a0
where:
ra = pore air density at the given temperature, kg/m 3,
r'ao = pore air density at the reference temperature, kg/m 3,
T = temperature,  °C,
To = reference temperature, °C, and
ba = air expansion coefficient, 1/°C.
The thermal expansion coefficient varies with temperature. Please see the following web site for reference:
http://www.engineeringtoolbox.com/air -properties -d_156.html
The air flow governing equation [ 68 ] is simplified as:
na puy o 8
—&a ke §=0 [ 165]
ey Tkl
_Ora _ Oaoll- H(T-To)]
g=22==_———4 [ 166]
Cy Cy
The following presents the heat and air flow equations in the process of natural convection under different coordinates:
T 1D Horizontal
3 0
Ua: Haa a8y [ 167]
Xe X+
T W& UT§ ( a)pT _( -)pT
&?XKE- Cadlx K"’Qsink =lC+Limy I3 [ 168]
1 1D Vertical
. . MU 9]
e a1 gicg=0 [ 169]
e WY +
T H % ”Tg (c qa)“T +Q —(c+|_ miz)“T [ 170]
Lol Lkl s = ink = . =
w2 Yy Ht
Al 2D

U Bge a8, Hogale | a8 [171]
ixg © x = W& Wy =
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T: &, MTH, W&, pTod T T
Lgl‘xH_S"'i?ﬁyu_g‘ (CaQ3)u—' (Caqs)u_"'Qsink
Xe KX+ Wye T WY = X Hy [172]
=(c+Lem, M T
( fmz)ut
1 Plane
u Ha oMU, 0 K& .y, 8
a oo B ag=0 173
IXg "X+ uyé%y M L]
T: &, WTG M& pTo T T
ié#xu_g*'i%yu_g' (Cz;\('])’rs(l)H - (Caqs)u +Qsmk
T
=(c+|_fm'2)”E
1  Axisymmetric
Ua: £%3&8+k_r&+£%?&+gak§8:0 [175]
e W+ I W [zg [z +
ﬁg&! £8+’_rﬂ+£%; KT (C qa)uT (C qa)E
wng+ row ngZpZ— adr adz [ 176]
T i |UT
+Qsink =(C+ Ly mz)—
it
1  Three -Dimensional
Hoala, Hialal, Halh, g iad g 177
e s e 8 gt e Rl (]
M& MTG MA@, UTO H& MUTd
— & —ot—&H,—8+—H,—0
IXC X = uyf;gyuyg wze ©pz =+ 178
T a|HT a|HT a|HT i |H [ ]
- (CaQX)K' (CaQy W' (CaQZ)E"'Qsink :(C"'Lfmz)_
3.4 FULLY COUPLED MODEL OF MOISTURE, AIR, AND HEAT

FLOW

The following is the governing equations coupled with the moisture (liquid and vapor) flow, air flow and heat flow under the
different coordinates.

1 1D Horizontal

i\, x&*—kxﬁ-'.kx%g-y . =|Jqu +i% 17
h- px%ll s Ssink e i [ 179]
) T Q T
o Mgy B o, M a8 (6,0t +0,0 +Col T+ Qi
: IXG o X X X + X [ 180]
i T U, - u
:(c+|_fm'2+|_\,m‘2')“ﬁ- L, myn P~ ) T w)
: T [4]
L ?1%”?2“—’“"53%0:
pXe X pX XU
Ua: [ 181]
g, HUa _ ( a)(ua+uatm) e

\' Qa)_ +(Uy + uatm)&(qa)

R(27315+T) &%/ 27315+T 1t |
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T 1D Vertical

h:

Ua:

1T 2D

kW+th th
R A
9w w
L kW+L th th
k?fu—vy k3o =7y + LK +Leky", kiz=- u
w
Ky =0 o =0 g =ke
‘W
KT =g, X

Gw

~ (D/

w yZUT+ yWa+kwu+SS|nk_PQU+ ri WG

i““_
wew P Py Hory Mt

D

& y WU T ] T
Bl M Mg g el sl s

We pX

+Qsink =(C+ Lem + Lvm\Zl)L:u vm\zlhw

S 1y M W 4 g 8+ 45
e W Wy My

T IR ()M@

R(27315+T) & 27315+T t Y
kW+th th
y =Y Y = )LT VT k1y:'_
, ) 3
ki1 % k2 =ky %
Lf kW+ L th kaVh
k= ————— K=/, + LT ALk, K= ;
Ow 9w
GaHcky'
y _ y _ —
Kr= =, k=0 kiz=kj,
W

LT - Ky
k = -y
v G

12 gkfl HUy +kX2£+kX HUa &

x4
W&y My oy bT v Wa , \wd _ gy, ri NG
_ek =W 4 +k +Sink = +—
Sy Ty Ty T e T T

ﬁ% uuW+k22—+kX Uua U%y l-luw_*,kyll +ky llua+|_fkyg
X pX pX UX pX (248 pX

(C + qux + Can )% - (Cwqy + Cvcly + Caqy)w + Qsink

) Lvn1‘2’h (U, - Uy)

:(C+Lfmi2+|-vm¥)% i

[ 182]
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[192]

[ 193]

[ 194]



BENTLEY SYSTEMS Coupled Equations of Moisture Flow, Air Flow and Heat Flow

300f 78

x MUy x MT x HUy @
31— tkao——tkaz—=p+
§< pX pX pX t

n
X
%S%%wgyz'g i 40,06 + ek =

Ua:
é Ky
A u [T (qa)(ua+uatm) WT o
—a u, +u ala  atm/
R(27315+T) & gqa (Ua a““) - (7)- 27315+T  t 4
kW+th th
Y = K=k KT, K= —,
kw+kvh kvh
_ Y y _ LT VT y _
=~ =k KT K=
1 G y 3 O
LekY + Lk Lk
k¥j=——————, KSo=/3+LKT +Lekg', kz=- ,
G * G
Le kW +L k" L Kk
K=—2 k¥ =7y +LKT+LekyT, k= v
9w 9w
w
k§(1=—gchka ki2=0, kaz=ky,
gaHcky'
y _ y _ _
k31_g—' kf>=0, kfz=kj,
'W
ke LT j k;’,"
ket =mf, =, ky' =m, =
X rré 9w Y 9w
T 2D -Plan
1 xuuw L Wia@, P&y My oy KTy Wa@
h: g'k Ty § T2y T Y
Moy, Fi HG
+ = +—L
S5|nk UI F'w UI
H lluw+kx UT x&%_ﬂo y Mw oy E+ky Hua
T uxé% X k33 ng Wé%zl 22 e ng
pT
- (Cwqx +CvQ;<l +Caq>§)%' ( WQy +quy +CaQy) y +Q5|nk
i T U, - U
:(C+Lfm'2+Lvm‘2’)uH— Lvm‘z’h—u( aut w)
Ha ﬂ; iy k§<2£ K& uUaS ek 3?/2 uT kgg%g:
X e X (28 Xua e Hy My VY|
A q)uua+(u gy U( ) (qa)(ua"'uatm) IJT‘?’
R7315+T) & & AWy 27315+T pt |
kY + K" k'
L
kW+th vh
_y y _ LT vT y —
=~ =k KT, K=
Yo Y G
LekY + L k" Lk
ké(lz—, k22—/ +LVkVT+Lfk y k23—'—,
G X G

w vh
kzylzﬂ, kgzz/v*"-vk\'T*'LkaT. A —_ﬂ,
[ 9w
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w
k=% e —o =k, [ 210]
_ gchk;,/v
kgl_g—, kf,=0, ki3=kg, [211]
W
ok K
kel =m, =X, kg o=, =, [212]
9w 9w
1  Axis -Symmetric
h- 1 g<11 U(uw) kr Llj: kr ltjrau_'_ rn wljrw " k:;zllj:— k:s l-l:ra
u
[ 213]
§<z l-l(uw) kz HT G Ha HUa +kWﬂ+SS|n T
2 pz Hz M ry M
T u ;1 H(uy) +kr UT +kr Uuau+ 21 IJUW I(22 UT k23 Huy
: e o 2 wo orowoor g 1o
puzgk; u(:;v) e l:;rkz u“; rLkv8
é i [ 214]
T W
- (CWQr +quy +CaQra)uE' ( qu +CVQZ +Caqz) \z +Qsmk
i T H(ug - Uy)
=lc+L.m + vIHD vh MU - Uy
( M '—vmz) n L,my —HI
Ua: by r r r
£2(51%+k§2£+ké3%3+@%+@£+@%
wr r rdgorogroroproror
U T [}
g itk 2+ HU = [215]
Wy Hua Up + Uy H _ (Qa)(ua"'uatm)gg
R(27315+T)eqa) (Ua a"‘)m(qa) 27315+T Y
kY + KV k'
Ky=——— K=k +k"T, Ky=-—,
9w
kW+th th
Ky=—— khp=k:T +kT, k&=- —, [ 216]
9w 9w
Lk + L k"N L k"N
K= K=/, +LKT L KT, Kby = - — [ 217]
9w
Le kY + 1 k" L k"D
kzzlz—f L K=/, L KT+ LT, kEp=- — [ 218]
9w 9w
w
k§1=—gchkr , kg2=0, kgz=kf, [ 219]
'W
w
kszlz%, k=0, kiz=kg, [ 220]
k”:mgﬂ kLszgg [221]
T gw ! z gW
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ﬁ‘,xﬂ_'_kxg_'_kxuuaﬂ U8 yl-luw+ yUT+ y KU
T LR e ekl gyt kst e

h:
[ 222]
LB gk u(uw) wz B ML ez W +sz+ Sy =P S %
1 ? ez Hz My it
Ww+k +k HUaO H& y w+ky “T.'.k)’%a
T: é% 227 X @ % [Ine 10 @
M Qk; M(uy) +kZ ur Kz Hua. +LkY
Wz e My ? ez . Mz U . [ 223]
- (Cwqx +CyOy +Caq3)u_' (Cwag +qu\§ +CaC|$)“_
HX Hy
T i 1) Us-u
- (Cwaz_ +qu\z/ +Caqg)u_+Qsink = (C+ Lfmlz + LvaV)u_' Lvmghu
Hz it it
s %)
igﬁ(l&’“kngJfksawag 23 eky HUW +kfp L kg, %@
W W a
Ua:
Hu [ Hu ?_
§< bt ek +k§3§a+ga(k§‘+Hck§“)8— [ 224]
gWa )U a L+ ﬁ( )_ (qa)(ua"'uatm)E’?
s — C7a +(Ug +Ugrn) — 4. u
R(27315+T) & 27315+T g
kW+th th
Ky =— o=k KT, K= —, [225]
kW+th vh
kY, = — k=K KT, K= —, [ 226]
kW+th th
k= ————, kh=kE +kT, k=-—, [227]
9w Gw
Lka+ L th th
K= k= LK LK, kYg=e ——, [ 228]
9w
I_ kW+ L th th
21:”—", k¥, =/y +LKT+LekyT, ki b , [ 229]
Ow 9w
Le kY + 1 k" L k"D
K=o k=l LT LT, K= [ 230]
9w w
w
k= %Mo g i, [231]
W
gaH kY
kgylzu, k¥, =0, ki;=kg, [ 232]
9w
w
kg =daHde 2 o 2 i [ 233]
W
kY Ky kg
ke =m) 2 ky' =m) =, kLT =, —= [ 234]
< g G G
where:
Uw = pore water pressure due to hydraulic head, kPa,
Ua = pore air pressure, kPa,
T = temperature, °C,
kW kw = hydraulic conductivity in X, Yy, z, or r-direction, m/s. For a homogenous

" material, k=k " =ky" =k =k ",
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w w
K" k'
kvh

kVT

KLT
kxa,kya

2, k2
Ix, y,l
Iz, o1

L L
Ox> Qy,

L L
gz, Qr

ax’, gy,
gz, g

ax%, gy%,
qza, Qra

Lv

Lt

Ca
Cw
Cv

m2/
Qsink
m2z¥

m2*"

= pore -water vapor conductivity by vapor diffusion within the air phase, as
defined in equation [ 47 ], m/s,

= pore -water vapor conductivity induced by temperature gradient, as
defined in equation [ 48 ],

= hydraulic conductivity introduced by the temperature gradient, m/s ,

= air conductivity of the soil in the X, Y, z, or r -direction , m/s. For
homogenous material,  kx* = ky® = Kk = k2,

= thermal conductivity of the soil in the X, Yy, z, or r-direction, J/(s-m-°C).
For a homogenous material, Ix= y =41=4)

= pore -water flow rate  (Darcian velocity) inthe X,y, z, orr -direction across
a unit area of the soil due to hydraulic head gradients defined in equation [
27 1, mis,

= pore -water vapor flow rate (Darcian velocity) inthe Xx,y, z, orr -direction
across a unit area of the soil due to vapor diffusion defined in equation [ 46
1, mis,

= pore -air flow velocity  (Darcian velocity) inthe X,y, z, orr -direction across
a unit area of the soil due to air pressure gradient defined in equation [ 66
1, mis,

= volumetric unfrozen water content (including liquid and vapor) of the soil

that is determined by soil freezing characteristic curve, m3/m 3,

= volumetric ice content of the soil defined in equation [ 71 ], m3/m?3,

= volumetric  pore -water vapor content of the defined in equation [ 39 1,
ms/m 3,

= unit weight of water, kN/m 3,

= unit of air weight, kKN/m 3, g =g ra/Cu,

= air density, kg/m 3,

= unit conversion coefficient, Cy, =1000 for Metric,and Cy =1 for Imperial,
= porosity, dimensionless,

= Henryds volumetric coefficienm3mo% air

= average molecular weight of air 0.0288 kg/mol ,

= acceleration due to gravity, 9.81 m/s 2,

= universal gas constant, 8.3144 J/mol -K,

= volumetric latent heat of water vaporization, J/'m 3, as defined in equation

[ 62],

= volumetric latent heat of water freezing or thawing, Jim 3, as defined in
equation [ 63 ],

= volumetric heat capacity of dry air, Ji(m 3-°C),

= volumetric heat capacity of water, J/i(m 3-°C),

= volumetric heat capacity of water vapour , J/(m 3-°C),

= volumetric heat capacity of a material, calculated with equation [ 53],
J/(m 3-°C),

= slope of soil Freezing characteristic curve,

= slope of the relation of soil matric suction to the soil temperature, kPa/°C,
= heat source or sink, J/s -m3,

= defined in equation [ 60 ],and

= defined in equation [61].
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4 MATERIAL THERMAL PROPERTIES

Thermal conductivity, heat capacity, and soil freezing characteristic curve (SFCC) are three major thermal properties in heat

transfer during the soil freezing and thawing process. The thermal conductivity of ice is almost 4 times higher than water, but
water has a higher value of heat capacity than ice. The ice content in a frozen soil depends on both volumetric water content
in unfrozen soil, and unfrozen water content in frozen soil. The unfrozen water content is uniquely determined by soil freezi ng

char acteristic curve. The following sections describe how to estimate or calculate the thermal conductivity, heat capacity, and
SFCC.

4.1 THERMAL CONDUCTIVITY CURVE

The three main factors affecting the thermal conductivity of a material include 1) the thermal cond uctivity of constituent
material, 2) the fraction of the material volume each materi al repr
constituent material s. The fAconnectednesso refers to the compdatteness
through a material Pentland (2000). Heat is conducted to individual soil particles through discrete contact points, a s the area

of these discrete points increases the conductivity of the soil increases. Therefore, as the "connectedness" increases , so does

the thermal conductivity.

4.1.1 Johansen Approach (1973)

The Johansen (1973) and Farouki, (198 1) approach has been used widely to calculate thermal conductivity based on soil
state, type, fraction of soil components, and thermal conductivity of water, ice, and solid component s. It is recommended to
use this method to estimate soil thermal conductivity, especially in a coupled seepage and heat model, where ice content in
the frozen soil  is changeable due to moisture migration. The Johansen method is applicable for both unfrozen and frozen soils.

The method is based on dry and saturated thermal conductivity at a given dry density as follow s:

1 Fine and Coarse Soils

/ :(/sat_ /dry)/e+/dw

[ 235]
where
/ = soil thermal conductivity, JIs-m-°C,
/Sal = the saturated thermal conductivity, J/s-m-°C,
/dry = the thermal conductivity of dry soil, J/s-m-°C, and
/ = the Kerstern number (normalized thermal conductivity) ,
€ which is related to saturation.
0.13%g4 +64.7
dry = 0135y +647 20%, for dry nature soils [ 236]
2700- 0.947gy4
! gry = 0.030° 22 for dry crushed rock materials [ 237]
[sat=(/ S)l' "(/ )", for saturated unfrozen soil [ 238]
/sat= (/S)l' )™M/ )", for saturated frozen  soil [ 239]
/, =7.7%(2.0)" ifq>0.20
N [ 240]
/. =773.0)" if g<=0.20
/., =0.7log(S ) +1.0, for unfrozen coarse grained soil [ 241]
/. =10g(S ) +1.0, for unfrozen fine grained soil [ 242]
/=S, for frozen soil [ 243]
where:

a = dry density of soil, kg/m 3,

n = soil porosity,



BENTLEY SYSTEMS Material Thermal Properties 350f 78

/s = thermal conductivity of soil particles, J/s-m-°C,
q = quartz content,

Iw = thermal conductivity of water, J/s-m-°C,

/i = thermal conductivity of ice, J/s-m-°C

Wy = volumetric unfrozen water content, m?3/m 3, and
S = soil saturation.

1  Peaty Soils (Peats)

Generally, peat has a lower thermal conductivity than other mineral soils (fine and coarse soils). The portion of water and ice

have a major influence on the thermal properties of peats. Water content in peats can be as high as 2100 % (Pihlainen, 1963,
cited in Farouki , 198 1). Frozen thermal conductivity of peats is usually a bout four times larger than unfrozen thermal
conductivity, which is similar to the ratio between water and ice. Thermal conductivity equations are:

Unfrozen peat

\/—'\l/dryzsr(\llsa'(u)'\//dfy) [ 244]

Frozen peat

. S
= &lsath 8 [ 245]

dryo.-.3

c /dfy 9
These equation sare a result of fitting Ker st en 6.8BycombEnngthesedequdtiart a s itk equatitnen, 194
[ 235 ], the resulting equations are the relation between the Kerstern number  and degree of saturation (Cote and Conrad,
2005):

Unfrozen peat

/¢ =0545? +0.46S [ 246]
Frozen peat
le :0.025{363 - 1) [ 247]
The inputs for calculating peat thermal conductivity are /dry. /Sat(u) , and /Sat(f) . Johansen suggested values for these
inputs of 0.05, 0.55, and 1.8 W/m -°C for /dry, /Sat(u) , and /Sa“) , respectively.
Table 1 is the thermal conductivity of some common materials.

Table 1 Typical Values of Thermal conductivity

Material Thermal Conductivity
(J/sm-°C)
Quartz 8.8
Clay Minerals 29
Organic Matter 0.25
Water 0.57
Ice 2.2
Air 0.025

Table 2 lists the quartz content g for the common soils

Table 2 Quartz content of common soils (Tarnawski et al., 2009)

ChineseSoil (Luelal., 2007) ., 2009) Kerstends soil (TarnawsKki
Soil name Quartz content (%) Soil name Quartz content (%)

Sand 1 75 Lowell sand 77

Sand 2 53 Northway fine sand 23

Sandy loam 3 65 Northway sand 5.0

Loam 4 54 Fairbanks sand 84

Loam 11 56 Dakota sandy loam 73
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Silt loam 5

Silt loam 6

Silty clay loam 7
Silty clay loam 8
Clay loam 9

49 Ramsey sandy loam 53
60 Northway silt loam 2.0
34 Fairbanks silt loam 40
33 Fairbanks silty clay loam 28
39 Healy clay 31

Tarnawski etal ., 2009 analyzed the relationship between t

Figure 4 . The quartz content can be estimated with the following expression:

where:

Mco

The thermal conductivity for ice is related to the temperature.

q=0.339+0.417m, [ 248]

= quartz content, and

= contents of sand and gravel.

O Luetal X Kersten

0, = 0339 + 0-417m_,
r? = 0715

0 0-2 0-4 0-6 0-8 10

Figure 4 Relationship between quartz content and sand and gravel contents

he quartz content  and the contents of sand and gravel , as shown in

According to the data presented in the website

http://www.engineeringtoolbox.com/ice -thermal -proper ties-d_576.html , the ice thermal conductivity can be approximated
with the following data fitting equation:
/, =2.1932- 0.0097T +0.00003T 2 [ 249]
where:
/i = ice thermal conductivity, w/m -°C, and
T =ice temperature,  °C.
The comparison of measured data with the calculation of ice thermal conductivity with the equation is illustrated in

Figure 6 is the Johansen model prediction of thermal conductivity as the function of temperature

Figure 5 .

and v olumetric water

content for sand . Due to the ice existence in the frozen soil, the thermal conduc tivity of frozen soil s has larger value s than the
conductivity of unfrozen soil.  Figure 7 and Figure 8 demonstrate t he calculation of thermal conductivity for sand and clay loam
changing with the water content and dry density . It can be seen from the Figure 8 that Johansen model cannot predict the

thermal conductivity

at the very low water content , because the Kerstern number, /e, is negative in  that case.



BENTLEY SYSTEMS

Material Thermal Properties

370f 78

Thermal conductivity (w/m-C)

4.5

w
wn

w

it
w

N

1.5

Ice thermal Conductivity (w/m-C)

& Measured
—— Cacluated

2:'"'I'"'I""I""I""I""I""I""I""I""
-100 -90 -80 -70 -60 -50 -40 -30 -20 -10 O

Temperature

Figure 5 Temperature effect on the ice thermal conductivity
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Figure 6 Thermal conductivity calculated with Johansen approactat different temperatures and volumetric water contentsfor sand

(quartz content = 74 %)
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Figure 7 Thermal conductivity calculated with Johansen approach at different volumetric water contents and dry densities for sand
(quartz content = 74 %)

26

24 dry density =2200 kg/mA

2080
1980

22

]

> 70
18 / & 1760

16 —3 # 1540 I
— 1430
1.4 — . — i

s
0y
D

1210

1108

12 +

vl s /
0.6 +——
0.4

0 0.1 02 0.3 0.4 0.5 0.6

Thermal conductivity (w/m-C)

\
\

=
N

Volumetric water content (m/A3/m”3)

Figure 8 Thermal conductivity calculated with Johansen approach at different volumetric water contents and dry densities for clay
loam (quartz content = 36 %)

4.1.2 Improved Johansen i Lu et al., (2007)

Lu et al ., (2007) improved the J  ohansen model in the calculation of dry thermal conductivity, /ay, (i.e. equation [ 236 ]), and
the Kerstern number, /., (i.e. equation [ 241 ] or equation [ 242 ]). The main limitation of Johansen model is that the
Kerstern number, /e, will be negative for a soil having very low degree s of water saturation. The improved equation [ 250 ] is

used to describe the  Kerstern number, /e, in the Luetal ., (2007) model:

/o= EXF{all- Sr(a' b)J} for the unfrozen soil [ 250]

where:

= parameter related to soil texture. a =0.96 for the coarse
soil, and g =0.27 for the fine soil,

b = shape parameter, b=133 ,and
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Sr = the degree of water saturation.

The dry thermal conductivity, /ary, is expressed as a linear ~ expression :

/4, =-0.56n+0.51 [251]
where:
n = porosity of soil.

In the above model, the value for the parameter s of a and b are obtained according to the s and content of a soil. The
calculation of thermal conductivity for sa nd is over predicted if using sa nd content (Lu etal ., 2007). Tarnawskietal ., (2009)
analyzed the effect of quartz content on the prediction of the thermal conductivity using the Lu et al ., (2007) model . Based on
the quartz con tent, the following values for the parameter  a and b are obtained:

Table 3 Values of parameter a and &

Material Type a b
Coarse 0.728 1.165
Fine 0.370 1.29
SVHEAT implements Luetal ., (2007) model based on the values as given in Table 3 .
As indicated in the Figure 10 , the Lu etal ., (2007) model has improved the prediction of thermal conductivity at the very low
water content compared to the Johansen model (see Figure 8 ).
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dry density| = 2200 kg/m*
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>

0.5 -

0 01 0.2 0.3 0.4 0.5 0.6

Volumetric water content (mA3/m~3)

Figure 9 Thermal conductivity calculated with Lu at al approach at different volumetric water contents and dry densities for sand
(quartz content = 74 %)
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Figure 10 Thermal conductivity calculated with Lu at al approach at different volumetric water contents and dry densities for clay
loam (quartz content = 36 %)

4.1.3 De Vries Approach (1963)

De Vries (1963) reviewed some of the formula s by which the thermal conductivity of soil is estimated based on the fraction
and thermal conductivity of its constituents. The De Vries model (Tang etal ., 2008) is expressed as :

_ G/ wtFa(n- qu)la +F@- )/

! unfrozer™ [ 252]
Qw + Fa(n - QW) + Fs(l' n)
/ :q/i+‘7u/w+|:a(n' Gw)/ ot Fs(1- n)/ g
rozen
Gw* Fa(n- G) + Fs(1- n)
é a
1I 2 1 !
1 1
Foam3l AT [252]
T1+ gag- 18 1+ gc%—a- 1g!
| c'w - c'w —y
& a
1 |
17 2 1 1
Fs==i Py <t 2 ~u [ 254]
37 a/s .0 a/s .o
Tl+ 0.12%- 18 1+ 0.7%— 18T
| clw = clw j’/
g, =0.035+0.2985
gc =1- 294
where:
/ unfrozen = the thermal conductivity of unfrozen soil , J/s-m-°C,
[ trozen = the thermal conductivity of frozen saill, J/s-m-°C,
lw = thermal conductivity of water, J/s-m-°C,
/a = thermal conductivity of air, J/s-m-°C,
/s = thermal conductivity of solid particles, J/s-m-°C,
/i = thermal conductivity of ice, J/s-m-°C,
G = volumetric water content, m3/m 3,
G = volumetric ice content, ms/m 3,

aq = volumetric unfrozen water content, m3/m 3, and



BENTLEY SYSTEMS Material Thermal Raperties 410f 78

Sr = degree of water saturation.
The unfrozen water content is determined by the approaches as described in the section of SFCC.
Figure 11 and Figure 12 illustrate the thermal conductivity predicted with the De Vries model for the sand and clay loam.
4
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Figure 11 Thermal conductivity calculated with De Vries approach at different volumetric water contents and dry densities for sand
(quartz content = 74 %)
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Figure 12 Thermal conductivity calculated with De Vries al approach at different voumetric water contents and dry densities for
clay loam (quartz content = 36 %)

4.1.4 Coté and Konrad (2005)

Cété and Konrad (2005) study were based on nearly 200 experimental samples of thermal conductivity measurements and

they proposed a generalized method to calculate thermal conductivity. The main point of this method is the relation between
normalized thermal conductivity (or the Kerstern number  in section 4.1.1 ) and the degree of saturation for different soil types
and textures. This method is based on the normalized thermal conductivity concept shown in [ 235 ].
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/.= L 255
¢ 1+(k- 1S [255]
where
= an empirical parameters accounting for soil types shown in
k
Table 4.
Other parameters in the above equation were defined in section 411 .
The thermal conductivity of dry soil is determined using the following equation.
/gy = €310°M [ 256]
where
C = an empirical value accounting for soil types, W/m -°C
(Table 5)
h =an empirical constant ( Table 5).
n = soil porosity
Table 4 Typical Values of k (C6té and Konrad, 2005)
k
Material Unfrozen Frozen
Gravelsand coarse sands 4.60 1.70
Medium and finesands 3.55 0.95
Silty and clayey soils 1.90 0.85
Organic fibrous soils (peat 0.60 0.25
Table 5 Typical Values of ¢ and h (C6té and Konrad, 2005)
. c
Material (W/m-°C) h
Crushed rock and gravels 1.70 1.80
Natural mineraboils 0.75 1.20
Organic fibrous soils (peat 0.30 0.87

Figure 13 Thermal conductivity of crushed granitecalculated with C6té and Konrad (2005) method with/s= 2.69W/m-°C, n = 0.29.












































































































