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ABSTRACT: Practical applications of unsaturated soil mechanics still lag behind the state-of-the-art knowledge.
The main stumbling block is the time-consuming processes involved in the measurement of the unsaturated soil
parameters required for the.constitutive models. Recent research bas shown that the soil-water characteristic
curves of a soil can be used in the establishment of a number of die unsaturated soil parameters. In many
applications it has become obvious that a satisfactory equation for describing the soil-water characteristic curve
will simplify the detennination of the soil parameters. Over the years a number of equations have been suggested.
Most of these equations have limited success depending on soil types..1bis paper evaluates the more popular
equations that have been suggested and shows that all the equations can be derived from a single generic form.
One equation has been identified that performs very well for all soil types. If this equation is in common usage,
useful databases on unsaturated soil parameters can be more easily established for practical applications of
unsaturated soil mechanics. . .

Typical soil-water characteristic curves for a sandy soil, a
silty soil, and a clayey soil are shown in Fig. 1. From the soil-
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INTRODUCTION

Fredlund and Morgenstern (1977) concluded that net normal
stress and matric suction are the stress state variables of an
unsaturated soil. The water content in an unsaturated soil is a
function of the suction present in the soil. This relationship
between the water content in a soil and the suction can be
expressed in a plot of volumetric water content versus suction
that is known as the soil-water characteristic curve. This curve
is more commonly referred to as a soil-water retention curve
in soil sciences. The soil-water characteristic curve of a soil
can be obtained using a pressure plate device in the laboratory.
Using the axis-translation technique (Hilf 1956). air pressure
above atmospheric is applied to the soil specimen while the
water pressure is kept at a lower value that is usually atmo-
spheric. This is made possible through the use of a high-air
entry disk that separates the air phase from the water phase.
The difference between the air and water pressures is known
as matric suction. The water content of the soil specimen at
various matric suctions can therefore be determined and a soil-
water characteristic curve is obtained.

Vanapalli et al. (1996) presented a relationship between the
soil-water characteristic curve and saturated shear strength par-
ameters. The more established usage of the soil-water char-
acteristic curve is the derivation of permeability function from
the curve (Millington and Quirk 1961; Muaiem 1976). The
soil-water characteristic curve is also .required in the determi-
nation of water volume changes in the soil with respect to
matric suction changes. The coefficient of water volume
change with respect to matric suction is given by the slope of
the soil-water characteristic curve. For these applications it is
more useful if the soil-water characteristic curve can be ex-
pressed as an equation. Over the years a number of equations
have been suggested for the soil-water characteristic curve.
This paper evaluates various forms of equations for different
soil types.

SOIL-WATER CHARACTERISTIC CURVE EQUATIONS

water characteristic curve a few parameters can be defined: the
saturated volumetric water content, elf the residual volumetric
water content, en the air-entry value or bubbling pressure. "'b.
and the residual air content, e. (Fig. 2). A number of equations
have been suggested for the soil-water characteristic curve and
almost all the equations suggested can be derived from the
fonowing generic form:

al~ + lZIexp(a36b,)= a.tIf' + a, eXp(a61J1'2)+ a, (1)

where a" lZI.a3. a.. a,. ll6. 0.,. bIt and b2 are constants; '" =
suction pressure; and e =normalized volumetric water con-
tent, i.e., (8.. - 8,)le, - er)wheree.. = volumetricwatercon-
tenL
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FIG. 1. Soil-WaterCharacteristics Curves for Sandy Soli.Silty
Soli,and ClayeySoli (after Fredlund and Xing1994)
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If a2 =a5 =a,=0 and bl = 1, then (1) can be simplified
as

(2)

By letting b2 =-A and a./al =I/I~ in (2), the Brooks and
Corey (1964) equation for soil-water characteristic curve is
obtained

(3)

If the naturallogarithmsof both sidesof (2) is equated,the
followingequationis obtained:

~0=A+B~I/I ~

where A = In(aJal) and B = b2.

Eq. (4) is the form used by Williams et al. (1983) to describe
the soil-water characteristic curve of many Australian soils.

If ~, a., and a, are set to 0 and bl and b2 are set to 1 in
(1), the following equation is obtained:

a5
a =- exp(a61/1) (Sa)

al

In (5a), a5/al can be written as A exp(-B), where A and B
are constants, to give

o =A exp(~1/1 - B) (Sb)

which is the exponential function suggested by McKee and
Bumb (1984) and has been referred to as the Boltzmann dis-
tribution.

If a2 =a. =0, al =a" bl = -1, and ~ = 1 in (1) and again
writing ~/al as A exp(-B), the following relationshipthat was
subsequentlysuggested by McKee and Bumb (1987) to improve
the fit of (5b) at or near fully saturated conditionsis obtained

a= 1 00
1 + A exp(~1/1- B)

If we let a2'a5be 0 and al = a, in (1), thefollowingequation
is obtained:

( )
-b\

a = :: I/Ib.+ 1 (7)

By letting a./al = a, bl = 1, and b2 =n in (7), the more
familiar Gardner (1958) equation is obtained

1
a =1 + al/lft (8)

where a and n are constants.
However,if a./al = aft,bl = m, andb2= n in (7),thevan

Genuchten (1980) equation is obtained

0= [. + ~al/ltr (9)
where a, n, and m are constants.

In (1), if al and as are set equal to 0 and a3 is set to 1, the
following equation is obtained

€)b\= In (a, + ~ 1/1") (10)
a2 a2

The following equation suggested by Fredlund and Xing
(1994) can be obtained by substituting a,/al = e, ilI./~ =
(1/a)b., bl = m, and b2 = n into (10):

(11)

where a, n, and m are constants and e is the natural base of
logarithms.

If in (1), ah ~, and a, are set to 0 and bl and b2 are set to
1, the following equation is obtained

ill.
exp(a30)= - 1/1 (12)~

Eq. (12) can be transformed into the following equation as
suggested by Farrel and Larson (1972):

1/1= 1/1..exp[a(1 - a» (13)

where I/Icris the aiT-entryvalue and a is a constanL
Most of the soil-water characteristic curve equations de-

scribed earlier are empirical in nature. The equations were sug-
gested based on the shape of the soil-water characteristic
curve. From Fig. 1 it may be observed that the general shape
of the soil-water characteristic curve is sigmoidal. Some of the
equations listed in the foregoing do not give a sigmoid curve.
These include the equations of Gardner (1958), Brooks and
Corey (1964), Farrel and Larson (1972), Williams et al.
(1983), and McKee and Bumb (1984). The shapes of these
equations are illustrated in Fig. 3. The equations that provide
a sigmoid curve are the equations of van Genuchten (1980),
McKee and Bumb (1987), and Fredlund and Xing (1994). The
shapes of these equations are illustrated in Fig. 4.

Fredlund and Xing (1994) attempted to establish a theoret-
ical basis for the soil-water characteristic curve by considering
the pore-size distribution curve for the soil. The soil is con-
sidered to contain an interconnected set of pores that are ran-
domly distributed and the distribution can be described by a
function j(r). The volumetric water content in the pores can
then be expressed as

Matric Suction, \II

FIG. 3. Soil-Water Characteristics Functions that Do Not Give
Sigmoid CUrve
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(14)

9w(R) = volumetric water content when all the pores with ra-
dius less than or equal to R are filled with water; and RmiA=
minimum pore radius in the soil. It was shown that the Brooks

van Genuchten (1980)

and Corey (1964) equation is valid only when the pore size
distribution is close to the distributionf(R) = Alr"'+1where A
and m are constants.It was also shownthat the McKeeand
Bumb (1984) equation given by (5) is valid when the pore
size distribution of the soil is close to a gamma distribution.
The pore-size distribution function suggested by Fredlund and
Xing (1994) [(11)] is a modification of the pore-sizedistri-

Fredlund and Xing (1994)
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in(l+:)
C(+)= I -

in (1 + 1,~:OOO)

where t/I= suction value that corresponds to the residual vol-
umetric water content 0,. The choice of a suction value of
1,000,000 kPa in (16) is based on experimental evidence that
the volumetric water content in soils approaches zero as the
suction tends to 1,000,000 kPa (Coleman and Croney 1961;
Koorevaar et a1. 1983). This suction value is also supported
by thermodynamic considerations. The thermodynamic rela-
tionship between soil suction and the partial pressure of pore-

and qt/l) is given by water vapor is given as follows:

TABLE1. MinimumSumofSquaredResidualValues(SSR)forThree-andFour-ParameterEquations

bution function given by van Genuchten (1980) [(9)]. It is thus
not surprising that the corresponding parameters in the van
Genuchten and Fredlund and Xing equations affect the shape
of the soil-water characteristic curve in a similar fashion. This
is illustrated in Fig. 5 where two of the parameters in the
equations are kept constant and the remaining one is varied.
In Fig. 5 for the van Genuchten equation, a = l/a.

Fredlund and Xing (1994) introduced a "correction" factor
qt/l) whereby (11) becomes

(15)

n

(16)

I

,.

t i

,
I
~

i
I

Note: Values in parentheses are the weightage where a value of 1 indicates least SSR value and a value of 6 indicates largest SSR value for data set.

-

TABLE2. fitted Parameters for Three-and Four-ParameterEquations

---
JOURNAL OF GEOTECHNICAL AND GEOENVIRONMENTAL ENGINEERING / DECEMBER 1997/1109

Three-Parameter Equations Four-Parameter Equations

Gardner McKee and Bumb Fredlund and Xing van Genuchten Fredlund and Xing Fredlund and Xing
(1958) (1987) (1994) (1980) (1994) (1994)

Soli type equation 20 equation 23 equation 24 equation 26 equation 29 equation 30
(1) (2) (3) (4) (5) (6) (7)

Lakeland sand 0.000251 (3) 0.001978 (6) 0.000986 (4) 0.0000189 (1) 0.00099 (5) 0.0000801 (2)
Superstition sand 0.0014 (4) 0.006486 (6) 0.001481 (5) 0.000139 (2) 0.000445 (3) 0.0000365 (1)
Mine tailings 0.00337 (6) 0.000253 (3) 0.000834 (5) 0.000144 (1) 0.000538 (4) 0.000144 (1)
Columbia sandy

loam 0.00205 (5) 0.002225 (6) 0.001812 (2) 0.001864 (4) 0.000956 (1) 0.001812 (2)
Drummer soil 0-30

cm 0.00014 (5) 0.00059 (6) 0.000118 (3) 0.000105 (2) 0.000101 (1) 0.000118 (3)
Drummer soil 30-

75 cm 0.000339 (5) 0.001838 (6) 0.000106 (3) 0.0000878 (1) 0.0000966 (2) 0.000106 (3)
Drummer soil 75-

90 cm 0.00054 (5) 0.001668 (6) 0.000443 (3) 0.000239 (2) 0.000158 (1) 0.000443 (3)
Touchet silt loam

(GE3) 0.008804 (5) 0.019955 (6) 0.001544 (2) 0.001597 (4) 0.00136 (1) 0.001545 (3)
Guelph loam (dry-

ing) 0.008985 (6) 0.000987 (5) 0.000433 (3) 0.000432 (2) 0.000427 (1) 0.000433 (3)
Yolo light clay 0.002428 (5) 0.020219 (6) 0.000763 (2) 0.000883 (4) 0.000512 (1) 0.000763 (2)
Beit Netofa clay 0.000757 (5) 0.004327 (6) 0.00075 (3) 0.000723 (2) 0.000694 (1) 0.00075 (3)
Total weightage 54 62 35 25 21 23

Three-Parameter Equations Four-Parameter Equations

McKee and Bumb
Gardner (1987) Fredlund and Xing van Genuchten Fredlund and Xing Fredlund and Xing
(1958) equation 23 (1994) (1980) (1994) (1994)

equation 20 a" 8 (kPa), b equation 24 equation 26 equation 29 equation 30
Soli type a" 8 (kPa), b (kPa) 8 (kPa), b, C a" 8 (kPa), b, C +" 8 (kPa), b, C a" 8 (kPa), b, C

(1 ) (2) (3) (4) (5) (6) (7)
Lakeland sand 0.127, 43.8, 2.59 0.1356.4.44, 1.402 2.46,6.15,0.369 0.1229,2.84,3.80, 1,000,000,2.46, 0.1154, 3.29, 3.15,

0.410 6.16, 0.370 1.423
Superstition sand 0.289, 216, 4.03 0.308, 3.926, 0.801 2.66, 6.86, 0.525 0.267, 2.87, 5.81, 4.92, 3.89, 100.0, 0.227, 3.16, 5.12,

0.401 0.234 1.263
Mine tailings 0, 2.05e4, 3.06 0.1013, 21.4, 4.34 18.63, 4.30, 1.164 0.1035,55.8,3.40, 30.2, 18.58, 5.18, 0.1034,50.5,3.40,

18.60 0.945 36.0
Columbia sandy 0.520, 1.406e7, 8.58 0.546,6.73,0.708 5.81, 10.59,0.381 0.436, 5.98, 10.68, 22.6, 5.84, 14.24, 0, 5.81, 10.58,

loam 0.354 0.299 0.381
Drummer soil 0-30 0.320,611, 1.321 0.336, 112.4. 52.5 40.9, 1.674, 0.1692 0, 24.2, 3.03. 797, 31.0, 2.38, 0, 41.0, 1.674,

cm 0.0264 0.0907 0.1693
Drummer soil 30- 0.323, 330, 1.519 0.338, 45.3, 21.6 17.23,2.70,0.206 0.282, 14.43, 4.44, 3,590, 16.93, 2.97, 0, 17.23,2.70,

75 cm 0.1094 0.1881 0.206
Drummer soil 75- 0.341, 135.3, 1.099 0.378, 56.0, 26.5 22.4, 1.592,0.1906 0, 12.31,49.9, 132, 18.96, 13.75, 0, 22.4, 1.592,

90cm 0.001702 0.0335 0.1905
Touchet silt loam 0.322. 1.942e4,4.21 0.350, 10.33, 2.09 7.64, 7.04, 0.507 0.239, 6.98, 10.68, 49.5,7.72, 7.71, 0,7.64,7.04,0.507

(GE3) 0.1503 0.467
Guelph loam (dry- 0, 1.172, 0.262 0.245, -6.51, 13.33 6.12, 1.893, 0.475 0.1643, 5.93, 2.10, 208, 5.85, 1.981, 0, 6.12, 1.893,

ing) 0.273 0.433 0.475
Yolo light clay 0.490, 20.4, 1.538 0.553, 6.40, 2.78 2.93,2.11,0.379 0.387, 2.82, 2.41, 3.33, 3.09, 3.29, 0, 2.93, 2.11, 0.379

0.238 0.1982
Beit Netofa clay 0.0848, 102.3, 0.683 0.262,253, 194.7 389, 0.685, 1.176 0, 281.0, 0.746, 893, 92.5, 0.811, 0,389,0.685, 1.176

0.393 0.472



RT

(a,,)",=--In -
V..oWv a"o

where t\1=soil suction or total suction in kPa; R =universal
gas constant [=8.31432 J/(mol K)]; T = absolute temperature
in K; Vwo= specific volume; w" =molecular mass of water
vapor .(=18.016 kglkmol); av = partial pressure of pore-water
vapor in kPa; and avo = saturation pressure of water vapor
over a flat surface of pure water at the same temperature. The
ratio of a,/avo is called relative humidity. At a temperature of
20°C and a relative humidity of 0.01%, (17) gives t\1 as
1,026,289 kPa. However, it is to be noted that with the intro-
duction of qt\1), the accompanying pore-size distribution func-
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FIG. 6. Curve Fits for Some of the Data

tion that Fredlund and Xing (1994) assuuied should become
more complicated than suggested.

EVALUATIONOF SOIL-WATERCHARACTERISTIC
CURVE FUNCTIONS

The soil-water characteristic equation listed in the foregoing
involves unknown parameters that have to be determined. In
the preceding section it has been shown that the soil-water
characteristic equations can be derived from a generic equation
involving seven parameters. Most of the time the saturated
volumetric water content 9, is determined whereas the residual
volumetric water content 9, is not always determined. To date,
the maximum number of parameters suggested in soil-water
characteristic equations is four if 9, is treated as a known. In
the following section, the soil-water characteristic equations
will be grouped into the number of curve-fit parameters that
have to be determined (for ease of discussion, the unknown
parameters are labeled as a, b, and c):

The two-parameter equation given by Williams et al. (1983)
is

In '" =a + b 10 9w (unknowns: a, b) (18)

The three-parameter equations are

1. Gardner (1958):

9,- 9,
9. = 9, + 1 + at\1b (unknowns:9n a, and b) (19)

Eq. (19) is more attractive if expressed in the follow-
ing form as a will have the same units as t\1,and b will
then be independent of units:

9 - 9,
, b9.=9,+

("' )1 + -
a

(20)

, ,' -.~

The preceding equation is more commonly referie~ito
as a logistic curve (Seber and Wild 1989) where a =
matric suction value that corresponds to a volumetric wa-
ter content of (9, + 9,}12;and b = slope factor.

2. Broolcsand Corey (1964):

9.=9, + (9, - 9,) (~Y (unknowns:9n a, and b) (21)

Eq. (21) is valid only for tIIgreater than or equal to a
(air-entry value). For t\1less than a, 9. is equal to 9,. For
larger values of tII,(21) will give similar values as (20).
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3. McKee and Bumb (1984):

(a - "' )8.. =8, + (8. - 8,)exp ~
(unknowns: 8" a, and b)

4. McKee and Bumb (1987):

(22)

8. - 8, -8..=8,+

( )
(unknowns: 8" a, and b) (23)

"'-a -

1 + exp -;;-
5. Fredlundand Xing(1994)with cOJTeCtionfactorC(IjI)=

1:

10 20

Mabie suction, IV(kPa)

(a) 41 data points

30 40

FIG. 8. Subsets of Mine Tailings Data Used to Test Robust.
ness of Equations to Curve Fits

8.

0.= {m[d(~Y]r
(unknowns: a. b, and c) (24)

Fredlund and Xing (1994) had mentioned that C("') is ap-
proximately equal to 1 at low suctions as the curve at the low-
suction range is not significantly affected by C(1jI).With C(1jI)
=1, 9.. is not zero when IjIis 1,000,000 kPa.

The four-parameterequations are

1. van Genuchten (1980):

9 8~- 8,
.. =8,+ (1 + a\jf)c (unknowns:8" a, b, and c)

(25)

Similar to (19), (25) is more attractive when expressed
as

(unknowns: 8" a, b, and c) (26)

thus, b and c are now independent of units. The effect
of the parameters at bt and c on the shape of the curve
is illustrated in Fig. 5 where a =a, b = n, andc = m.
The slope factor, b (=n)t changes the slope about pivot
point a (=a) and c (=m) rotates the sloping portion of
the curve and the lower plateau at a point above the
"knee" of the curve. In (26), a no longer corresponds
to the matric suction at the volumetric water content of
(9. + 9,)n.. However, a can be expressed as a function
of this matric suction that we shall denote as 1j15O'Sub-
stituting,9..= (9. + 9,}/2and '" = 1j15Ointo (26) -,

"'50a=
(2(1/C) _ 1)(lIb)

(27)

Depending on the values of b and c, a can be greater
than or less than 1jI» If c = 1 as in the Gardner (1958)
equation, a will be equal to 1j15O'A similar equation can
be obtainedfor Fredlund and Xing (1994) equation, (24),
as follows:

(28)

It is therefore clear from the discussions that the matric
suction value a in (20), (24), and (26) is not the air-entry
value or bubbling pressure and should not be interpreted
as such.

2. Fredlund and Xing (1994):

1n(1+:)
1 -

In (1 + 1'00::(00)...

(unknowns: "'" a, b, and c)

8 -..-

{In [. :'(;)If
(29)
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3. Fredlund and Xing (1994) suggested the use of the fol-
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:s 0.05
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(d) 6 data points
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lowing equation if the residual' water content 9, is re-
quired:

(unknowns: 6" a, b, and c) (30)

In the preceding equations, the equationsthat give a sigmoid
curve are definitely more versatile.and will give a better fit to
the soil-water characteristic curve. Therefore, only (20) from
Gardner (1958), (23) from McKee and Bumb (1987), (26)
from van Genuchten (1980), and (24), (29), and (30) from
Fredlund and Xing (1994) will be investigated in detail. Some
researchers had suggested graphical procedures in obtaining
the parameters of the equations, for example van Genuchten
(1980) and Fredlund and J<ing (1994). With today's compu-
tational advancement, these parameters are best obtained using
a minimization algorithm. The quantity to minimize is the sum
of the squared residuals, SSR .

N

SSR =L w,<6, - Ai'-I
(31)

where w, is a weighting factor. An equal weighting factor is
chosen in this paper.

Published soil-water characteristic data for soil materials
ranging from sand to clay (Table I) are used to evaluate the
equations. The textural class for the soil types according to
the United States Department of Agriculture (USDA) soil clas-
sification are the following: Lakeland sand-fine sand; Su-
perstition sand-sand; mine tailings-fine sand; Columbia
sandy loam-sandy loam; Drummer soil 0-30 em-silty
loam; Drummer soil 30-75 cm-silty loam; Drummer soil
75-90 cm-silt; Touchet silt loam (GE3)-silty loam;
Guelph loam-loam; Yolo light clay-silty clay; and BeitNe-
tofa clay-clay. The Lakeland sand aDd Drummer soil data
are from Elzeftawy and Cartwright (1981), the Superstition
sand data are from Richards (1952), the mine tailings data are
from Gonzalez and Adams (1980), the Columbia sandy loam
and Touchet silt loam (GE3) data are ftom Brooks and Corey
(1964) as referenced by Fredlund et al. (1994), the Guelph
loam data are from Elrick and Bowman (1964), the Yolo light
clay data are from Moore (1939), and the Beit Netofa clay
data are from van Genuchten (1980). Curve fit is performed

__ __ _. ___ ___ u ___ ________

for the equations using the solver routine provided in the Mi-
crosoft Excel software. The best fit for each curve is the one
that gave Ibe lllinimum sum of the squared residual values for
the ~ The SSRs are shown in Table I and the fitted
parameters are shown in Table 2. The fitted curves for Touchet
silt loam (GE3), Yolo light clay, and Beit Netofa clay are
shown in Fig. 6. Except for the McKee and Bumb equation
(23), all the other equations seem to give a satisfactory fit to
the data. To assist the evaluation, a weightage is given to the
fit with a weightage of 1 being given to the equation that gave
the smallest minimum sum squared residual value (best fit)
and a weightage of 6 being given to the equation that gave
the largest minimum sum squared residual value (worst fit).
The weightagesof 1 to 6 are chosen as there are six equations
[(20), (23), (24), (26), (29), and (30)] for comparison. The
weightage is given in parenthesis in Table 1.

From the total weightage in Table 1 it can be observed that
all the four-parameter equations performed much better than
the three-parameter equations. Among the three-parameter
equations, Fredlund and Xing (24) performs much better than
Gardner (20) and McKee and Bumb (23). Among the four-
parameter equations, Fredlund and Xing (29) performs mar-
ginally better than van Genuchten (26) and Fredlund and Xing
(30). Another interesting observation for the four-parameter
equations is that for sandy soils (Lakeland sand, Superstition
sand. and mine tailings) the equations with the 9, term [(26)
and (30)] performed much better than Fredlund and Xing (29).
If the sandy soils were left out from the total weightage com-
putations, abe total weightage for van Genuchten (26), Fred-
lund and Xing (29), and Fredlund and Xing (30) will be 21,
9, and 19, respectively in Table 1. In fact if the sandy soils
were left out in the total weightage computations, the three-
parameter Fredlund and Xing (24) has a total weightage of 21,
which is comparable to van Genuchten (26) (total weightage
=21). Gardner (20) and McKee and Bumb (23) will not be
pursued further as they are clearly inferior to the others.

The role of +r in Fredlund and Xing (29) w~ts further
evaluation. 1bc +, parameter has been defined by .FredJund
and Xing (1994) as the suction corresponding to the residual
volumetric water content 9" Furthermore, the effect of +, on
the curve is insignificant at the low-suction range. Plots of (29)
with a = 300 kPa, b = 10, c = 0.5, and three values of 1/1,
(3,000 kPa, 300 kPa, and 30 kPa) are shown in Fig. 7. This
figure shows that 1/1,does affect the initial portion of the curve.
The curve with 1/1,= 30 kPa shows the possibility of obtaining

TABLE3. Fitted Parameters for DataSubsets Shown InFig.8

Note: Values in parentheses indicate variations from parameters fitted using 41 data points.
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Fredlund and Xing van Genuchten Fredlund and Xing Fredlund and Xing
(1994) (1980) (1994) (1994)

Number of data points equation 24 equation 26 equation 29 equation 30
(mine tailings) a (kPa). b, c e" a (kPa), b, C IjI" a (kPa), b, C ert a (kPa), b, C

(1) (2) (3) . (4) (5)
0.1035 30.2 0.1034

41 18.63 55.8 18.58 50.5
4.30 3.40 5.18 3.40
1.164 18.61 0.945 36.0

0.1029 (-0.6%) 29.5 (-2.3%) 0.1027 (-0.7%)
21 18.53(-0.5%) 51.43 (-7.8%) 18.53 (-0.3%) 46.6 (-7.7%)

4.36 (+1.4%) 3.42 (+0.6%) 5.27 (+1.7%) 3.43 (+0.9%)
1.142(-1.9%) 14.46(-22.3%) 0.928 (-1.8%) 28.1 (-21.9%)

0.1025 (-1%) 28.7 (-5.0%) 0.1023 (-1.1%)
11 18.34(-1.6%) 50.7 (-9.1%) 18.41 (-0.9%) 45.9 (-9.1%)

4.41 (+2.6%) 3.42 (+0.6%) 5.33 (+2.9%) 3.42 (+0.6%)
1.112(-4.5%) 13.77(-26.0%) 0.908 (+3.9%) 26.7 (-25.8%)

0.0983 (-5%) 40.3 (+33.4%) 0.0982 (-5.0%)
6 18.22(-2.2%) 45.0 (-19.4%) 18.33 (-1.3%) 41.3 (-18.2%)

4.33 (+0.7%) 3.31 (-2.6%) 4.86 (-6.2%) 3.31 (-2.6%)
1.103(-5.2%) 8.42 (-54.8%) 0.965 (+2.12%) 17.20(-52.2%)
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RG. 9. Curve Fits for Fredlund and Xing and VBnGenuchten
Equations with Different Data Subseta

values of IjIT that violates its definitionfor being less than a,
which in this example is 300 kPa.

The introduction of the correction factor C{IjI)by Fredlund
and Xing (1994), which is a way of forcing the volumetric
water content to be zero at high suction, namely 1,000,000
kPa. has no theoretical basis. The writers of the present paper
have found two other forms of the "correction" factor C{IjI)
that serve the same purpose. These are

(32)

and

C"(IjI)= (I - I,~,ooor (33)

2

__a_pes
-4+ 11cIII8pes

-6-6_ pIS-8

o 30 4010 20
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(a) Frediunchnd Xing Eq. 24
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(b) van Genuchten Eq. 26

--
<..'. .,

RG. 10. 8.. as Affected by Variations In Parameters of (24),
(26),(29),and (30)for DataSubsets of Fig. 8

where A and B are constants. In (32), A is a IjITequivalent and
the equation suggests that the volumetric water content can be
forced to zero at any values of A. Eq. (33) avoids the use of
IjIT altogether and thus. avoids the problem discussed earlier
with C{IjI).

In any nonlinear curve fit it may be possible to get a few
parameter-combinations that produce the same curve. This is
highly undesirable in a soil-water characteristic curve equation
as it means that its parameters may be very sensitive to the
same data when subsets of the data are used to determine the
constants. The van Genuchten (26) and Fredlund and Xing
(24), (29), and (30) are evaluated in this respect using the mine
tailings data from Gonzalez and Adams (1980). The mine tail-
ings data are chosen for their regular intervals and complete-
ness. Three subsets of the mine tailings data, where each con-
tains half as many data points as the previous subset, are used
in the evaluation (Fig. 8). The fitted parameters with their var-
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iations as compared to those obtained from the complete data
set in parenthesis are shown in Table 3. The fitted curves for
each equation are shown in Fig. 9. In general, the different
parameters in each equation do not vary the shape of the
curves; however. the parameters show large variations in value
depending on the number of data points used for the curve fit
(Table 3). For the four-parameter equations, van Genuchten
(26) and Fredlund and Xing (30) showed large variation in
parameters a and c as the number of data points are reduced.
Fredlund and Xing (29) showed small variations except for
the case with six data points where Ijr,varies by +33.4%. The
parameters in Fredlund and Xing (24) showed small variations
particularly parameter b, the slope factor, when compared to
(29). The effect of the variation of each parameter on the 0..

value can be evaluated by taking the partial differential of (24),
. (26), (29), and (30) with respect to each parameter as follows:

For (24):

For (26) and (30):

"' 0 ao..
da ao.. db ao.. deU'..=- +- +-aa ab ac (34)

~=~A+~da+~db+~de. ~ ~ k

- -- -------

For (29):

(35)

dO..=ao,. dljl, + ao.. da + ao,. db + ao,. de
aljl, aa ab ac

(36)
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TABLE4. FittedParameters for DataSubsets ShownIn Fig.10

Note: Values in parentheses indicate variations from parameters fitted using 41 data points.

The details of (34)-(36) are shown in Appendix I.
The change in 9.., d9.., as affected by changes in the values
of the parameters for each equation (Table 3) can be observed
in Fig. 10. It can be seen that d9.. is smaIl initially and in-
creases to an approximately constant value. The maximum ab-
solute d9.. values are 0.6%, 5%, 0.62%, and 5% for (24), (26),
(29), and (30), respectively. The worst case for Fredlund and
Xing (29) is associated with the data subset of 11 data
points and not with the data subset of six data points. In sum-
mary, it can be concluded that the fitted parameters are not
sensitive to the number of data points as long as there are
sufficient points to describe the entire soil-water characteristic
curve.

It is generally agreed that curve fitting parameters should be
obtained from experimental data that should include points
beyond 9,. The effect of incomplete experimental data was
investigated using the mine tailings data. The original data set
has data at large matric suctions. These data are then reduced
by five data points in each subsequent data subsets as shown
in Fig. 11. The fitted parameters are shown in Table 4 and the
fitted curves for each equation are in Fig. 12. From Fig. 12 it
may be observed that the fitted curves coincide with the data
points except in the 9, region, that is, the region of high matric
suction where 9.. shows minimal variation. From Table 4 it
may be observed that the values of the parameters showed
large variations for the data sets having 31 and 26 data points
regardless of the equation. For the data set with 36 data points,
the equations with the 9, term [(24) and (30)] showed larger
variations when compared to (26) and (29). Worst stiU, there
is no discernible trend in the change in the parameters. Eq.
(24) showed the smallest variations for the data set with 36
data points. Generally, if data points after 9, are not included,
the curve starts to deviate. Similar to the earlier discussions,
the sensitivity of 9.. to the variations in values of the para-
meters (Table 4) can be examined using (34)-(36). The
changes in 9.., d9.., can be observed in Fig. 13. The absolute
value of d9.. increases to a constant value. The absolute value
of d9.. for the worst case, which corresponds to 26 data points,
increases in the order of Fredlund and Xing (29) (21.5%),
Fredlund and Xing (24) (29.5%), van Genuchten (26) (41%),
and Fredlund and Xing (30) (100%). Comparing Figs. 10 and
13 leads to the conclusion that it is important to include data
points after 9,.

CONCLUSIONS

The more popular equations for the soil-water characteristic
curve have been e)[amined.It has been shown that all the equa-
tions reviewed can be described by a generic equation with
seven parameters. Some equations are a variant of another. It
has also been shown that the parameter a in Gardner (20), van
Genuchten (26), aDdFredlund and Xing [(24), (29), and (30»
equations is not the air-cntry value of the soil as commonly
construed. The equation suggested by Fredlund and Xing
(1994) (29) gave the best fit among the equations. However,
the IjI, term in the correction factor C(IjI)affects the initial
portion of the soil-water characteristic curve and IjI,should not
be interpreted as the matric suction corresponding to the re-
sidual volumetric water content 9,. Sensitivity analyses tend to
favor the use of the Fredlund and Xing equations with the
correction factor C(+) =1, that is, (24). Another advantage of
this equation is that it has only three parameters and so the
computational effort in determining the parameters is less than
(26), (29), and (30). It is therefore recommended that the Fred-
lund and Xing (24) be used for the soil-water characteristic
curve. However in obtaining the parameters, the data used
should include points after 9"

APPENDIX I. DETAILSOF (34)-(36)

1. Fredlund and Xing (24)

9.

9..= {In [~ + (~Y]r (unknowns:a, b, and c)

a9.. 9.. (~) (~Y

a;= [~+ (~Y] In [e + (~Y]

a9.. -c9.. (~y In(~)
iib=

[ ( )
b

] [ ( )
b

]~+ ~ In e+ ~

(37)

(38)
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1

f

i

i
.

,

Fredlund and XIng van Genuchten FredIung and Xing Fredlund and Xing
(1994) (1980) (1994) (1994)

Number of data points equation 24 equation 26 equaIion 29 equation 30
(mine tailings) a (kPa). b. c 8" a (kPa). b. c "'n a (kPa). b. c 8" a (kPa), b. c

(1 ) (2) (3) (4) (5)

0.1035 30.2 0.1034
41 18.63 55.8 18.58 50.5

4.30 3.40 5.18 3.40
1.164 18.61 0.945 36.0

0.108 (+4.3%) 39.0.(+29.1%) 0.0001617 (-99.8%)
36 19.93 (+7.0%) 67.5 (+21.0%) 19.34 (+4.1%) 19.93 (-60.5%)

3.97 (-7.7%) 3.42 (+0.6%) 4.68 (-9.7%) 3.97 (+16.8%)'
1.411 (+14.0'J,) 37.4 (+101.0%) 1.122 (+18.7%) 1.411 (-96.1%)

0.0873 (-15.7%) 84.0 (+178.1%) 0.0847 (-18.1%)
31 24.8 (+33.1%) 52.8 (-5.4%) 22.8 (+22.7%) 41.1 (-12.7%)

3.46 (:-19.5%) 3.32 (-2.4%) 3.82 (-26.3%) 3.33 (-2.1%)
2.51 (+115.6%) 13.21 (-29.0%) 1.932 (+104.4%) 19.76 (-45.1%)

0.0606 (-41.4%) 125.5 (+315.6%) 0.0590 (-42.9%)
26 29.8 (+60.0%) 45.9 (-17.7%) 24.8 (+33.5%) 41.2 (-18.4%)

3.27 (-24.0%) 3.24 (-4.7%) 3.60 (-30.5%) 3.24 ("':'4.7%)
4.10 (+252.2%) 7.02 (-62.3%) 2.46 (+160.3%) 13.40 (-62.8%)
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BB~= -9. In [e + (~y] (39)
2. van Genuchten(26)

9 - 9,

O.- 0, + [1 ~ (~n
(unknowns: 9" a. b, and c)

(40)

(41)

. b

B9._ -c(9. - 9,)(~) 10(~)
Bb-

(lIJ)
b

1 + -
a

(42)

B8~ = -(9. - 9,)ln[1 + (~y]

3. Fredlund and Xing (29)

(43)

(unknowns: IIJ"a, b. and c)

I

IIJ

89.. 9. ~
811J,= C(IIJ)

( IIJ) ( 1.000.000)1 + IIJ, In 1 + IIJ,

(44)

(45)
. -

.~

(46)

(47)

4. Fredlund and Xing (30)

9, - 9,

9.. =9, + {1o [e + (~y] r (unknowns:9" a, b. and c)

B9w 1

B9,= 1 - {1o[e + (~r]r

B9w (9. - 9,) (~) (~r

a; =[e + (~r] 10[e + (~r]

B9. -c(9w- 9,)(~r 10(~)
ab=

[ ( )
b

] [ ()
b

]e+ ~ 10 e+ ~

(48)

(49)

(50)
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aa~ = -(Ow- Or)In{In[e + (~y)} (51)
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